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Investigation of Proof Complexities in Various
Known and Newly Constructed Propositional
Calculus Systems

Abstract

This dissertation studies the main complexity characteristics of proofs in both some
known propositional systems of classical logic and a number of newly constructed
systems, which made it possible to introduce a number of refinements into the well-known
hierarchy of propositional systems. It explores the total size of formulas and the number
of formulas in both linear proofs and tree-like proofs.

Propositional proof systems have long been considered significantly trivial objects
for research, but in recent decades, due to a series of results obtained, the importance of
research into the proof complexities specifically in propositional systems has surged
dramatically. Interest in these problems is fueled by two directions: problems of
automating theorem proving, one of the main problems of creating artificial intelligence,
and one of the fundamental problems of computational complexity theory — the
relationship between the known classes P and NP.

Cook and Reckhow in their aforementioned work proved that the existence of a
propositional system that is polynomially bounded in the proof size is equivalent to the
class NP coinciding with its complement. For many propositional systems ("weak” ones),
examples of formulas with an exponential lower bound on the minimum size of proofs
have been identified, i.e., they do not claim the status of systems for solving the named
problem but for more traditional systems, particularly for Frege systems and even for
systems with quantifiers, this question remains open, making the research of proof
complexities in these systems very important. The research of proof complexities in
"weak" systems is driven by other interests. One of them is associated with solving the
SATISFIABILITY problem (SAT problem). Research on this problem is conducted, in
particular, in Resolution and Cut-free Sequence systems, providing information on
potentially necessary resources for solving the problem, hence research in these systems
is also important. Given the relatively simple strategy for finding proofs in these systems,
they are also very useful in automating proof.

The solutions to the aforementioned problems also have practical applications in
fields such as Machine Learning, Cryptography, Hardware Design Formal Verification,
Artificial Intelligence, Data Mining, etc., making these researches very relevant.

The main results of the dissertation are as follows:
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For the first time, polynomial equivalence of the linear proofs of the quantified
sequential propositional system QPK and the well-known systems SPK
(sequ.ential system with cut and substitution rules) and SF (Frege systems with
substitution rule) has been proven, allowing for a refinement of the position of
QPK system in the knawn hierarchy of propositional systems of classical logic
Based pn the well-known Tseytin transformation, a local determinativé
sequential system of classical logic DS, polynomially equivalent to the resolution
system, as well as the SDS system (DS with substitution rule), polynomially
equivalent to Frege systems, and SkDS systems with substitution rule, where
the number of logical connectives in the substituted formula is Iimited‘ by the
numbgr k, have been constructed. For the latter, an exponential speed-up of
steps in tree-like proofs in Sk+DS over the systems SkDS systems has been
e§t?blished. Further, notions of determinative conjunct and determinative
disjunctive normal, as well as the elimination rule, have been generalized for
modal logic, based on which a new system for modal logic, Emod has been
constructed, in which lower exponential bounds of proof complexities for a series
of formulas have been obtained.

For the proofsizes in any Frege system, a superquadratic lower bound has been
obtained: for the proof sizes of a certain sequence of tautologies ¢
Q(lpnl*/10g,% (1@, 1)) lower bound has been obtained. %
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UccnepoBaHue CnoxHocTten BoiBogos B Page
U3BecTHbIX U BHoBBL MocTpoeHHbIX CucteMmax
UcuucneHus BbickasbiBaHUN

Pe3rome

B  HacToslLEii AuccepTauuuM  UccrneaoBaHbl  OCHOBHble | CMOXHOCTHbIE
XapaKTepuCTUKA BbIBOAOB Kak B HEKOTOPbIX W3BECTHBIX NPOMO3ULIMOHaNLHLIX cucCTEMax
Knaccuyeckol MoruMku, Tak U B psae BHOBb MOCTPOEHHbIX CUCTEMAX, YTO MO3BOSIUANO
BBECTW pAL YTOUHEHWUIA B W3BECTHYHO WEPapXuto MponosnLUOHamnbHbIX CUCTEM.
WccnenoBaHel cymMmapHas AnvHa opMyn W KOfMYecTBO (PopMyn kak B TNUHENHbIX
BbIBOAAX, Tak 4 B BbIBOAAX B BUAE AEPEBA.

MponosuuyunoHanbHble CUCTEMbl BbIBOAOB  A0MITOE  BpeMsA  nonb3oBanucb
penyTauuvei CyllecTBEHHO TpUBMAmbHbIX OBBLEKTOB ANs UCCNefoBaHUi, oAHako 3a
nocnepHve OecATUNETUs B CBA3W C PSAOM MOMyYEHHbIX Pe3ynbTaToB pesko Bo3pocna
3HAYUMOCTb UCCMEefOBaHWUA CMOXHOCTEN BbIBOAOB WMEHHO B MPOMO3NULMOHANbHbIX
cuctemax. WMHTepec K 3TUM 3ajadvam NOLOrpeBaeTcs ABYMA HanpaeneHusMu:
npobneMami aBTOMAaTWU3LMM [OKA3aTenbCTs TEOPeM, OAHOW W3 OCHOBHbIX 3ajad
CO3LaHM1si UCKYCCTBEHHOTO MHTENNEKTa, a Takke 0AHON U3 yHAAMEHTaNbHbIX NpoGnem
TEOPUM CNOXHOCTU BbIYMCAEHNI — COOTHOLLIEHNEM U3BECTHBIX Knaccos P u NP.

Cook 1 Reckhow B ynomsiHyToit Bbille paboTe fokasanu, YTo cyliecTBoBaHue
NONUHOMUANBHO OFPAHUYEHHON MO AMWHE BbIBOAOB MPONO3NLMOHANBHOW CUCTEMBI
paBHO3HaYHO coBnageHuo knacca NP co cBoum AononHeHuem. [ins  MHorux
NPONO3ULMOHANbHBIX  CUCTEM  («cnabbix») BbIABMEHbl  Npumepsl  GopMyn ¢
3KCNOHEHUManbHOW HUXHENA OLEHKOW MUHUManbHOW ANUHbI BbIBOJOB, T.€. OHU HE
NpeTeHAYIT Ha CTaTyc CUCTEM AMNS PelleHVs HasBaHHOW npobnemsl, HO AnA bonee
TPaANLIMOHHBLIX CUCTEM, B YacTHOCTU AnA cucTem Odpere u jaxe Ana CUCTEM C
KBaHTOpPaMMW, 3TOT BOMPOC MOKA OTKPLIT, CNIEAOBATENBHO UCCNIEAOBAHUS CMOXKHOCTE
BbIBOJOB WMEHHO B MOCNEAHUX OYeHb BaXHbl. MiccreaoBaHns CnoxXHOCTE! BbIBOAOB B
«cnabbix» cucteMax Bbl3BaHbl UHbIMU UHTEpecaMu. OAUH U3 HUX CBS3aH C peLleHneM
npoBremsl  BbIMOMHUMOCTU (SAT problem). WccneposaHus 3Toi npobnembl
NPOBOAATCA B YacTHOCTM B cuctemax Resolution, Cut-free Sequence, u4To AaeT
WHOpMaLMIo O MoTeHUMansHO HeoGXoAUMBIX ANA pelueHus npobnemsl pecypcax, a
3HAUUT, UCCNefOBaHWA B 3TUX CUCTEMAxX Takke BaXHbl. B cBA3W c OTHoCWUTEnbHO
NpoCToii cTpaTerveid noucka BbIBOAOB B Ha3BaHHbLIX CUCTEMAX, OHU BECbMA MONesHbl
TaKkKe Npu aBTOMaTU3aLVKU A0Ka3aTENLCTB.

PelleHns BbllUENepeyUcneHHbix npobnem UMeT Takke npaKTuveckoe
npuMMeHeMuUe B Takux obnacTsix, kak Machine Learning, Cryptography, Hardware Design
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Formal Verification, Artificial Intelligence, Data Mining, u T.A., cnefoBaTtensHo, aTu
uccrneaoBaHus BeCbMa akTyasnbHbl.

OcHoBHbIe pe3ynbTaThl AUCCepTaUuuu cneayrolue:

(o

e

BnepBble fokasaHa nonuHOMUanbHasi 3KBUBANEHTHOCTb JIMHEHBIX BbIBOLOB
KBaHTU(PULMPOBAHHON CEKBEHLUaNbHOW NPonosuumanbHol cuctembl QPK u
U3BECTHbIX cucTem SPK (cekBeHUManbHOM CUCTEMbI C NPaBUNAMU CEYEHUs U
noactaHoBku) u SF (cuctem ®pere ¢ NnpaBuUioM NoACTaHOBKM), YTO NO3BONSET
YTOYHUTb MecTo cucTembl QPK B U3BECTHOI UepapXun MPOono3ULUMOHANbHbBIX
CUCTEM KNacCUYECKON NOTMUKU.

Ha ocHoBe wusBecTHol TpaHcdopmauun LleiiTuHa nocToeHa nokansHo
onpeaenswllas CcekseHUManbHas cuctema knaccudeckou moruku DS,
NONVHOMUANbHO 3KBUBAMIEHTHAA CUCTEME pe3ontouuii, a Takke cuctema SDS
(DS c npasunom noAcTaHOBKMU), MOMUHOMUANBLHO 3KBUBANEHTHAs CUCTEMAM
®pere, u cuctembl SkDS c npaBunOM NOACTaHOBKW, rAe KONMUYECTBO
NorMyeckux CBA3OK B MOACTaBNSEeMON popMyne orpaHuyeHo uducrom k, ans
KOTOpbIX B BblBOAAaX B BWAe [AepeBa YCTAHOBIEHO 3KCMOHEHLWanbHoe
yckopeHue waroB B cuctemax Sk+1DS oTHocutenbHo cuctem SkDS. [anee
0606uleHbl AN MoAanbHOW MOTWKU BBEAEHHbIE paHee ANsA KNaccuueckom
NOTVKM NOHATUSI ONPEAENSAIOLLErO KOHbIOHKTA, ONPEAENSIOLLEN AN3LIOHKTUBHOM
HOpManbHOU hopMbl 1 Npasuna ANNMUMUHALWM, HA OCHOBE KOTOPLIX MOCTPOEHA
HoBas cuctema ANA MOAAnbHOWU NOrukn Emod, B KOTOpOW ANs psiga dopMyn
nonyyYeHbl HUXKHWE 3KCMOHEHUManNbHble OLEHKU CITIOXHOCTEN BbIBOAOB.

Ans  AnNuUH  BLIBOAOB B MPOU3BONBHOW cuTeMe Opere nonydyeHa
cynepkeagpaTuyHas OLEHKa: ans ANVH BbIBOAOB HeKoTopoW
nocneAoBaTeNbHOCTU TaBTONOMMiA ¢, NonyyeHa oueHka Q(|¢,|3/1og,2 (1¢,))).
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