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General characterization of the thesis
The thesis is a research about free boundary problems, and more exactly it investigates
the mathematical modeling of glass melting process and heat transfer phenomena
according to classical rules in physics. Indeed, the main purpose of the present work
is the construction of an effective numerical approach for the solution of free boundary
problem which is based on finite element method. The boundary value problems for

elliptic equations are considered also.

Actuality of the Subject

Mathematical modeling of heat transfer (Transport Phenomena) is applied by
researchers to investigate the environment of the furnaces during the melting process
and turbulent conditions inside them, because it has the advantages of reasonable cost
and applicable exactness. Different researchers were worked about the free boundary
problems and their mathematical characteristics, and Conservation laws were applied
by physicists to construct the mathematical formulation of melting and freezing
process for different types of materials. Stefan problem is famous between researches
that it describes the behavior of ice block and its temperature distribution during the

phase transition process.

Shoshana Kamin in 1958 prepared the first proof of the existence and uniqueness of
the generalized solution of the Stefan problem in three-dimension. Her work was
followed by Oleink, O. A. and she generalized the proof in the work “A method of
solution of the general Stefan problem” in 1960. Meirmanov prepared comprehensive
mathematical information about the Stefan problem in the text book “The Stefan
Problem” in 1992, and also for existence and uniqueness of solution of Stefan problem

and its regularity it is recommended to refer to Daniele Andreucci’s work.

Obstacle problem is another important problem in the free and moving boundary
problems topic. The aim of this problem is to look for the equilibrium of an elastic
membrane whose boundary is constrained to hold above a given obstacle. Obstacle
problem is applied in the fluid filtration, constrained heating, optimal control,

financial mathematics and some other scopes. Caffarelli in the work “The obstacle
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problem revisited” reviewed some basic properties of obstacle problem and also
Caffarelli and Riviere in the paper “Smoothness and analyticity of free boundaries in
variational inequalities” in 1976 investigated more details in this scope. In the area of
heat transfer and its mathematical simulation in three-dimensional case Raymond
Viskanta and Aydin Ungan in 1986 prepared a paper which they presented a numerical
approach to derive the modeling of circulation and heat transfer in an electrically

boosted glass tank.

The finite element method (FEM) is a numerical approach for solving problems of
mathematical physics. Typical problem areas of interest include structural
analysis, heat transfer, fluid flow, mass transport, and electromagnetic potential.
The analytical solution of these problems generally require the solution to boundary
value problems for partial differential equations. The method needs the variational
formulation of the equations, then to solve the problem, it subdivides a large problem
into smaller, simpler parts that are called finite elements. The simple equations that
model these finite elements are then assembled into a larger system of equations that
models the entire problem. FEM then uses variational methods from the calculus of

variations to approximate a solution by minimizing an associated error function.

The earliest mathematical works on FEM be developed by Schellback in 1851 and
Courant in1943. Also FEM was independently continued by engineers to address
structural mechanics problems related to aerospace and civil engineering. The
developments began in the mid-1950s with the papers of Turner, Clough, Martin and
Topp in 1956, Argyris in 1957, and Babuska and Aziz in 1972. The books by
Zienkiewicz in 1971 and Strang, and Fix in 1973 also laid the foundations for future

development in FEM.

The Aim of the Thesis

1) To formulate the mathematical modeling of glass melting process in

Garnissage furnace in three-dimension based on classical rules in physics

(mass, momentum, and energy conservation laws) within Stefan condition.
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2) To develop an algorithm, which reduces the free boundary problem (the
nonlinear system of partial differential equations) to the new system of
equations that has separated linear and nonlinear parts.

3) To investigate the numerical solution of the system according to finite
element method in three-dimension.

4) To investigate the Dirichlet problem for fourth order partial differential
equation in the unit disc. The equation is supposed elliptic and we consider

properly and improperly elliptic equations.

Object of investigation
Free boundary problems within Stefan condition to prepare the mathematical
modeling of melting process in the Garnissage furnace in three-dimension. Boundary

value problems for elliptic equations

Methods of investigation
The methods include mathematical analysis, calculus of variations, linear algebra,
matrix analysis, theory of free boundary problems, and the theory of finite element

method for the nonlinear system of equations.

Scientific innovation

The thesis continues the works of Viskanta, Patankar, Zhao, Pilon, Rodrigues,
Urbano, and Choudhary and according to their mathematical modeling we earn the
modeling in three-dimension and by applying the calculus of variations we complete
the process by performing the finite element method. The results about boundary
value problem for elliptic equation are new also, and continued the investigations of

N.E. Tovmasyan and A.H. Babayan.

Theoretical and Practical Value

The results obtained in the thesis have theoretical content and at the same time are
directed toward applications. They can be used in the development of mathematical

modeling of transport Phenomena and heat transfer.

Publications
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The results of the thesis were published in 6 scientific articles which two journals

indexed in SCOPUS.

Structure and Volume of the Thesis
The thesis consists of the introduction, four chapters, conclusion and the list of

references. The number of references is 100, and the volume of the work is 115 pages.
The main content of the thesis

In introduction the actuality of the topics is discussed, some historical remarks are

mentioned and the aim of investigation is explained.

Chapter 1. Some known definitions and necessary facts for following considerations

are presented.

Section 1.1. Some historical notes and developing of free boundary problems and vital

works in this domain were stated.
Section 1.2. We recall about basics of mathematical modeling.

Section 1.3. We state the basic definitions in physics which our modeling is related and

constructed according to them.

Section 1.4. The mathematical modeling of continuity equation is prepared. To earn
the model we applied the mass conservation law in classic physics and the result is
partial differential equation in three-dimension.

ap
S, +V.(V) =0

Section 1.5. The mathematical modeling of momentum equation is expressed. To gain

the model we invoked the momentum conservation law in classic physics and the

result is the system of partial differential equations in three-dimension.

£+VV(pV)——Vp+V T+ pg
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Section 1.6. The mathematical modeling of energy conservation equation is prepared.
To obtain the model we used the energy conservation law in classic physics and the
result is partial differential equation in three-dimension.
pcV.VO = V. (kopfVO) + (T:VV) + S
Section 1.7. The one-dimensional mathematical modeling of Stefan condition is
obtained and the three-dimensional version of Stefan condition is concluded to
perform in conduction equation.
pLR'(t) = k0, (h(D), 1) + ksby (R(2), )
[Vo]f.n, = —Aw.n, = An,

Section 1.8. We summarize the heat transfer equations and boundary conditions.

Transport phenomena system

% v V) =0
ot WY =

av
p(E+V.VV) =-Vp+V.T+pg

pcV.VO = kerr A + (T:VV) + S
Stefan condition
[Vo]t.n, = —Aw.n, = An; onT,
Q ={0>T} Q, ={0<T} r={0="1},
Other boundary and initial conditions
Olr =Ty
Ole=o = Y(x), x €y
Bli=0 = p(x), x € Q,

Vll“un2 =0

Section 1.9. Some basics and definitions of Sobolev spaces is prepared, also necessary norms
and theorems about the convenient spaces for the solutions of partial differential equations is

introduced.
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Hl(n)_{ueLz(Q) ou —— €L, (), =12 }

ou
oy = | TellZ, oy + Z

% L,(Q)

Chapter 2. We derived the mathematical modelling of heat transfer in Garnissage
furnace in two-dimensional case based on stream functions, and to illustrate the
moving boundary between the solid and liquid phase we exert the Stefan condition,
then we invoked the finite element method to gain the numerical solution of the
system.

Section 2.1. Mathematical definitions of stream functions are stated.

_
u—ay

o
T ox

Section 2.2. We obtained the continuity equation based on stream functions and we
have shown the stream functions satisfy in the continuity equation.

ou 4 v 0

ax  dy
Section 2.3. We earned the Navier-Stokes equations respect to stream functions and we
gained two differential equations in two-dimension, then by subtraction we got the
system as

o a

) = ) = on%y

Section 2.4. We derived the conduction equation according to stream functions.
0Yoo 0Yoo  k 1 s
dydx dxdy pc pc

Section 2.5. Weak formulation of Navier-Stokes and conduction equations were
computed. This work has been done by applying sufficient smooth test functions, and
also by inserting the Stefan condition into the energy equation, we obtained the
variational version of modeling as
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Ox dy 0dy ox

ﬂ (aean agan)dd = kffVGVdd +
v dxdy 0Jyadx xey = pc Hvnaxey
[o o

klﬂandd +5ﬂdd
pc at pc naxay.
Q Q

Section 2.6. To complete the process of the finite element approach we discrete the

ff AY (6_1;6_1/) - 6_7]6_1/) + 19A17) dxdy =0,
Q

domain, and we replaced the approximate values 1, and 8, instead of 1 and 6 in the
equalities, and we redefined the heat transfer problem as the problem of finding
Yy, Oy, € Vy, such that iy, 8, satisfy in the relative integral equations. Then we got

N(h) N(h) N(h)

Z Z ULU] al-]-k + Z Uibik =0
j=1 i=1

i=1

N(h)
Z CijVi = d], ] = 1,2,3, ,N(h)

i=1

Newton’s method for nonlinear systems was recommended for the first nonlinear

system, but the details of numerical approach is prepared in the chapter 4.

Chapter 3. We prepared some basic relations in vector analysis to apply them in the
modeling process in cylindrical coordinate system to use convenient symmetric
properties of furnace in the mathematical modeling process. We started the modeling
in cylindrical coordinate and we derived the mathematical modeling and also its weak
formulation, and finally we discrete the domain to replace the approximate variables.
We completed the finite element method to obtain the numerical solution of the
transport system. We have stated the conservation equations in the cylindrical
coordinate, so the Stefan condition, then we converted the system of equations into
the weak formulation and by applying the convenient test functions we discrete the
domain to follow the finite element method. The Newton’s method has been applied
to derive the numerical solution of the system.

Section 3.1. Fundamentals and some basic definitions of vector analysis, like gradient
and divergence in cylindrical coordinates are prepared.
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_of  19f  of
Vf = Eer +;%€(p +a—Z€Z,
vV ( )+ 16u<p+6

Thr rdp 0z’

Section 3.2. Mathematical modeling of transport phenomena respect to cylindrical
coordinate system has been computed. This essential part made according to the

velocity vector field components u;., u,.
dp 10 a(pu,)

a trar ) T 5,

ou, ou, du,\ _ 0p 16( 6ur) ’u, u,
(W*“r?*“zﬁ)— ar T\ o) T o Tz) T Per

=0,

(6u2+ 6u2+ auz)_ 6p+ 1 6( auz)+azu N
ac " ar "%z ) T "oz "M\ rar U ar 0z2 P9z

06 00 00k 16(60) 0\ | potep 4 Lr
ac " “or uzaz_pc ror\ar) oz * pc

Section 3.3. Finite element method has been chosen to search the numerical solution
of transport phenomena system, then we derived the variational version of system,
then we will applied the convenient smooth test function n(r, @, z,t) with small

support to earn the weak formulation.
Ju (ﬂ_a_ﬂ) fua—n=0
"\r or 20z
Q Q
on /1 1\ dn o  du, 9d*n 9*n\ 1 an
f”f(%+(E“”“?)EJ’”ZE“E_W_P —‘;fpa‘fgr"'
Q
an on du, 1 an 9*n 9’| _ 1 an f
Juz(0t+ur6r+n6r+2u282+0r62+622 - pfpaz g1
Q Q Q
k on on on k (0*n 09°n
0+—H®O) |—+ | 0| u,—+u,—+—
f( +pc ()>6t+f ( T or +“Zaz+ 6r2+622
G G
1
= —f (—F+219|1:|2)r].
pc

G
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Section 3.4. After discretization of the domain we redefined the heat transfer problem
as the problem of finding ;. , U, Pr, and 8y, such that there satisfy in the continuity
equation, Navier-Stokes equations, and heat conduction equation, then we got the
system of equations

N(h)

Z(Uriaik - Uzibik) =0,

i=1

N(R) N(R) N(h) N(h) N(h) N(R)
Z Ur A + Z Z U,L.Uerijk + Z Z Url.UZ], Ciji + Z P.Dy, + E, =0,
i=1 i=1 j=1 i=1 j=1 i=1
N(h) N(R) N(h) N(h) N(h) N(R)
Z UZiA’ik + Z Z UZiUZjB’ijk + Z Z Uiner,ijk + Z PD'y +E', =0,
i=1 i=1 j=1 i=1 j=1 i=1
N(h) N(h) N(h)

Z 0,F; + Z Z 6, (Urj + Uzj) G + Hi = 0,
i=1 i=1 j=1

k=123,..,N(h).

Section 3.5. Some description about the process of the work, finite element approach,
and Newton’s method was prepared.

Section 3.6. Mathematical modeling of transport phenomena based on cylindrical
coordinate and the result system of equations and their relative coefficients was
reviewed.

Section 3.7. We continued the process by computing the coefficients in the transport
system, for this objective we divided the domain () to the mesh cubes, and we
constructed the test functions on ijk —mesh cube. To define the test functions we
divided the ijk —mesh cube into the 24 tetrahedrons.

Parts 1,2 Parts 3, 4
1 1
PGy ) =g (x+x—t+)+1 PGy ) =g (—x+x-y+y)+1
Parts 5, 6 Parts 7, 8
1 1
Py =g(-y+y+t-t)+1 PGy =g G—x+t=t)+1
Parts 9, 10 Parts 11, 12
1 1
Py, ) =r(x—x+y-y)+1 Py ) =g -y—t+t)+1
Parts 13, 14 Parts 15, 16
1 1
¢(x;y:t)=ﬁ(7t+tk)+l ¢(X.y.f)=ﬁ(xfxi)+1
Parts 17, 18 Parts 19, 20
1 1
PGy ) =3 (-y+y)+1 ¢y, ) =7 (-t)+1
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Parts 21, 22 Parts 23, 24
1 1
¢(x,y,t):E(y—yj)+l ¢(x.y,t):z(—x+xi)+1

Section 3.8. We computed the coefficients of the continuity equation a;;, and by, then
we continued the process by determining the a; for k =i,k =i — (N2 + N — 1),
andk =i+ (N2+N-1).

(x; + h)(6x2 — 8x;(x; + h)? + 3(x; + h)?) h
a;; = 6h2 11’1(1 +x—)—
1A
xi — 4x;h3 + 3h"l (1 h) x;(3x? + h?)
6h? "y 9k

We expressed the continuity equation as
Un _
.0 (y) =0

and we derived the matrices P and Q respectively as

0.41 0 0 0.0009 0 0 0 0 0 0 0 0
0 0.62 0 0.0001 0 0 0 0 0 0 0
H 0 0.67 0 0 —0.0003 0 0 0 0 0 0
0 i 0 0.41 0 0 =0.0006 0 0 0 0 0
0003 0 : 0 0.41 0 0 0 0 0 0 0
0 0.002 0 i 0 0.62 0 0.0009 0 0 0 0
0 0 0002 0 H 0 0.67 0 0 0.0001 0 0 0
0 0 0 0.002 0 i 0 0.41 H 0 =0.0003 0 0
0 0 0 0 0.003 0 0 0 0 —0.0006 0
0 0 0 0 0 0.002 0 H 0.41 0 i 0 0.0009
0 0 0 0 0 0 0.002 0 0 041 0 H 0
0 0 0 0 0 0 0 0.002 0 0 0.62 0
0 0 0 0 0 0 0 0 0 0 0 0.67 0
0 0 0 0 0 0 0 0 0.003 0 0 0 0.41
0 0 0 0.002 0 0 0 0 0 0 0 0
0 0 0 0 0.002 0 0 0 0 0 0 0
i 0 0 0 0 0.002 0 0 0 0 0 0
0 : 0 0 0 0.002 0 0 0 0 0
=0.002 0 H 0 0 0 0 0 0 0 0 0
0 —0.002 0 : 0 0 0.002 0 0 0 0
0 0 =0.002 0 H 0 0 0 0 0.002 0 0 0
0 0 0 —0.002 0 : 0 0 H 0 0002 0 0
0 0 0 0 =0.002 0 i 0 0 H 0 0.002 0
0 0 0 0 0 —0.002 0 i 0 0 H 0 0.002
0 0 0 0 0 0 -0.002 0 0 0 0 H 0
0 0 0 0 0 0 0 —0.002 0 0 0 0 H
\ 0 0 0 0 0 0 0 0 w0 0 0 0 0 /
0 0 0 0 0 0 0 0 =~ —0.002 0 0 0 0

Section 3.9. We achieved the coefficients of the Navier-Stokes system. We started by
determining the coefficient A;,, and as we done in other parts we suppose the
ijk —mesh cube that it was divided to 24 tetrahedrons, then after integration process
in the whole parts we gain

x? +h3 hy\ x?—h® h\ 6x?+ 2h?
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1 2 o i+ h)? h h?
Ay (wean-1) = = 7g7 (65 + 15xh + 1103 + =2 (1 +_i) -5
1 (x; — h)? h\ h?
Ajis(N2en-1) = ~ 18h (6x% — 15x;h + 11h%) + T1n (1 _X_l> + i7

Then we have done the same process to determine the other coefficients in the system
of Navier-Stokes equations. At the end of this section we got the nonlinear system of
equations in 128 equations in 128 unknowns.

Section 3.10. We have shown in the continuity equation
U, =-P71QU,
Also from section (4.5) the Navier-Stokes system has the style
AU, + ¢y, (U, U,)+Dp+E =0,

AU, +¢,(U,,U,)+D'p+E' =0,

where the matrices A, D, A’, and D' are determined. Since D = —D’, and
E = h3g.1,
E'=h3g,1.

After summation of the Navier-Stokes equalities we got
AU, +A'U, +yU, U,)+E+E =0
We replaced the value of U, into the last equation to get
(A" = APT'QU, + Y (U,) = —h*(gr + g1

The concluded system has 64 equations within 64 variables. We derived its numerical
solution by invoking the Newton’s method. All numerical results and their relative graphs
was produced.

Chapter 4. We investigate the Dirichlet boundary value problem for fourth order
elliptic equations. We suppose, that the characteristic equation has one double-
multiple root and two simple roots.

Section 4.1. We consider the Dirichlet problem for the fourth order properly elliptic

equation with constant coefficients in the unit disc. Since the characteristic equation
has one double root in upper half-plane and two different roots in the lower half-plane
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the solution must be found in the class of functions Holder continuous with first order
derivatives up to the boundary, then we obtained the new formula for the
determination of the defect numbers.

Section 4.2. We assumed the unit disk D = {(x,y): x? + y? < 1} in the complex plane,
and we considered the fourth order elliptic differential equation in the domain D

4
o*u
;ARW (x,y)=0, (x,y) €D,

where A, are the complex constants (4, # 0). We assumed that the last equation is
properly elliptic. We searched the solution of the equation in the class of C*(D) N
C @) (D), which satisfies the Dirichlet conditions

ou
u . =f(xy), N . =g(x,y), (x,y) €T,

where T is the boundary of D, also f € C@®(I) and g € C(I') are the given

. 3 a . . C . L.
functions, and N= T isa differentiation in the inner normal direction to the

boundary I', and
z=x+iy=re"?
We tried to determine the number of solvability conditions of the problem

4 4

d*u
;ARW (x,y)=0, (x,y) €D,

u
u|r=f(x,y), N F=g(x,y), (x,y) €T,

and the number of the linearly independent solutions of the homogeneous problem

4

*u
ZAkW(x;}’)ZO, (x,y)€D
=0 Y

u| -0, & —o (x,y)er
r ] aNF » 'y s

that is the defect numbers of the problem. Let A; are the roots of the characteristic
equation Y5 _o A A% = 0. We have

A =2y 31, >0,
As #= Ay SAsy <0, 1=12,

© National Library of Armenia



. i—A i+224) . .
Denoting u = L,—l, v = 2 j = 1,2 , the obtained result may be formulated as
i+A, i—Az4j
follows

Theorem 4.1. Assume that ¢ = uv, and T = uv,, then the problem
$ o*u
;ARW (x,y) =0, (x,y) eD,

ou
u|r=f(x,y), 6_N|r=g(x'y)' ) €T,

is uniquely solvable if and only if the conditions

m-p-1

=

-1

Pi(o,7) = (m —p)(o7)? GiTm=r=i % 0,

= (4.2.9)

3
i

for k = 3,4, ... hold. If the conditions (4.2.9) fail, that is Py, (0,t) = 0 for some value
ko > 2, then the homogeneous problem has one linearly independent solution which
is polynomial of order ky + 1. The corresponding inhomogeneous problem has a
solution if the boundary functions satisfy one linearly independent orthogonality
condition. Therefore, the defect numbers of the problem are equal to the numbers k
for which Py (0, 7) = 0.

Section 4.3. We investigated more about the conditions (4.2.9). First we represent the
equation in the form

4 64 4 64 64
2___ —_— =
(P W0 57207 T Eqzam T oz T g T v az-4> u=0
where P; (0, 7) defined in (5.2.9). For k = 3
Py(0,7) =142(0+ 1) + 01 =1+ 2u(vy +v,) + p?v1v,,
and the constants E and H are as
E=—(vy +v, + 2uvyv,)
H=—2p+p W +1y))
We illustrated the results of the theorem 5.1 in the cases of k = 3,4. We referred to
the homogeneous problem and by invoking the homogeneous conditions we knew that
the seeking solution must be divisible by (1 — zZ)?. We supposed that the function

Uo(z,2) = a(1 — z2)2, a # 0 is a solution of the homogeneous problem and this
function satisfies the homogeneous boundary conditions, then
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P;(0,7)4a =0

So the function u, is non-zero solution of the homogeneous problem if and only if
P;(o,7) = 0.

Section 4.4. Some Mathematica programing has been introduced to demonstrate the
numerical solution.

Section 4.5. In the final part we review and consider the case of improperly elliptic
equation. The consideration are similar to the case of the section 4.2 We represent this
equation in the form of complex variables as

] NI d\(0 AV
G z) G ma) G wa)=o

4.5.1)
me # 15,0 < || <1,
with Dirichlet boundary conditions
Ju | =FG, ey eri=o1
az-i az) Ip — JOYIEY I =04
(4.5.2)

u(1,0) = fo(1),u, (1,0) = £1(1),u(1,0) = fo(1).

Theorem 4.4.1. Assume that |uy| > |u]- ,j = 1,2, and the boundary functions F;
belong to the class A® (|uo|), the class of functions, analytic in the annulus
{lpol, 1z| < 13, and with first order derivatives Holder continuous up to the boundary,
then the problem (4.5.1) and (4.5.2) is uniquely solvable if and only if the following

conditions hold.

J—1k-1 k—1-1
Pi(0,7) = Z Z(k —D(o7)! Z tMek-t-m-1 =134, ..
k=11=0 m=0 4.5.11)
where
o=B =B gz
Ho

If the conditions (4.5.11) fail, then homogenous problem has finite number of linearly
independent solutions, and for F; € A®D(|uo|) inhomogeneous problem has a
solution if and only if the finite number of linearly independent solvability conditions
to boundary functions F; hold. These defect numbers are equal to the quantity of
numbers j, for which the conditions (4.5.11) fail.
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Proposition. We consider the problem (4.5.1), (4.5.2) when p, = ey, and |pg| >
[¢41]. In this case we get the result similar to theorem (4.4.1), where instead of P; from
(4.5.11) we have

Jj-1 . .
. ZZ pay z/P — zP~ ia
(z) =z~ sin(—)— z=ogez
Q) 1p 2 z—z"1 7’
p:

Theorem 4.4.2. Assume that |uo| < [uq] < |u2], (Ug # Uz), and the boundary functions
F; belong to the class of ACD (|, ), then the problem (4.5.1) and (4.5.2) is uniquely
solvable if and only if the conditions (4.5.11) hold. If the conditions (4.5.11) fail, then
homogeneous problem has finite number of linearly independent solutions, and for
F; € A®D (|, ) inhomogeneous problem has a solution if and only if the finite
number of linearly independent solvability conditions for boundary conditions F;

hold. Hence defect numbers are equal to the quantity of numbers j, which the
conditions (4.5.11) fail.

Theorem 4.4.3. If i, = ey, 1, = ey, whena = ZTn,ﬁ = 27” and [,n € N, then

the homogeneous problem (4.5.1), (4.5.2) has infinitely many linearly independent
solutions. These solutions are polynomials of order kj, + 1 (jo = [, n]).

Theorem 4.4.4. We coincide the inhomogeneous problem (4.5.1), (4.5.2) if
M1 = eiallo' H2 = eiﬂuo,

and a = zTn,ﬂ = 2?” where [,n € N. Then for solvability of the problem (4.5.1),
(4.5.2), it is necessary infinitely many conditions.
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CONCLUSION

Mohammad Hassan Mohammadi

Boundary Value Problems for Elliptic and Parabolic Equations and

Applications in Mathematical Modeling of Two-Phase Substance

In the thesis the following results are obtained:

1.

Mathematical modeling of heat transfer (Transport Phenomena) in three-
dimension for the especial furnaces with cylindrical shapes is derived,
where these Furnaces in the business area are called Garnissage furnace. In
the present work we obtained the mathematical modeling based on the
stream functions and cylindrical coordinates. We prepared the details of the
modeling by invoking the conservation laws, and the Stefan condition is
applied to describe the behavior of the free boundary.

We defined stream function in two dimension and then we gained the
mathematical modeling of heat transfer according to stream function. The
modeling based on stream function has its sufficient advantages and we
prepared complete description about the modeling process, variational
approach and weak formulation, and numerical solution of the transport
system in two-dimension.

We achieved the mathematical modeling in the cylindrical coordinate
system according to Garnissage tank shape and its symmetric properties.
We got the conservation equations in the cylindrical coordinate system, so
the Stefan condition, and then we followed the variational approach to
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convert the system of equations into the weak formulation. For expressing
the system in the variational formulation we will exert test function with
compact support (three-dimensional analog of the Courant function).

To complete the finite element method, we discrete the domain to special
mesh cubes and we divided them into 24 tetrahedrons. We computed the
piecewise linear test function according to 24 tetrahedrons, and then we
determined values of coefficients in the linear and nonlinear system. We
solved the system numerically by the Newton’s method and we exhibited
the final results by the corresponding graphs.

We focused on the Dirichlet problem for the fourth order elliptic equation
with constant coefficients in the unit disc. The case of properly elliptic
equation is considered. The characteristic equation has one double root in
upper half-plane and two different roots in the lower half-plane. The
solution must be found in the class of functions Holder continuous with first
order derivatives up to the boundary. We obtained the new formula for the
determination of the defect numbers. The solvability conditions of
inhomogeneous problem and linearly independent solutions of
homogeneous problem are obtained in explicit form. We demonstrated that
the defect numbers may be zero, one or two. The numerical calculation of
the defect numbers was done by applying Mathematica programing. The
case of improperly elliptic equation is investigated also (characteristic
equation has one double root and two simple roots in the upper half-plane).
In this case the class of boundary functions, necessary for correctness of the
problem was obtained. The formulas for defect numbers was found in this
case also. We determine the conditions to the coefficients of the equation,
provided infinitely many linearly independent solutions of the
homogeneous problem.

3AK/IIOYEHHUE

Moxammao Xaccan Moxammaou

I'panmmme 3aJa9YM 4J14 DJITHIITUYCCKUX 1 napa6o.1mqec1cnx ypaBHEHI/Ifl

¥ IpMMeHeHHe B MaTeMaTHIeCKOM MOZeIMPOBaHIH ABYX(}asHOH cpensl

B paboTe mosty4eHs! CIeAYOIHe PE3yIbTaThl:

1.

Peanm3oBano MaTeMaTHdeckoe MOJIEIHPOBAHIE TIPOIlecca Iepeadn Teria
(sBIEHME TIEPEHOCA) B TPEXMEPHOM Cilydae B ME4M IJIS CTEKIOBAPEHHUS
IIMHAPAYECKOH (GopMBl  (TapHHCCa)XXHOM TeuH). MaremaTHieckoe
MOJIETTMPOBAaHHE OCHOBAHO Ha HCIIOIB30BAHMM (YHKIMH TOKA, a TaKkKe
LWIMHAPUYECKUX KoopAuHAT. OCHOBHBIC YpaBHEHHs IIOJIyYeHBI U3
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3aKOHOB COXpAHEHHMs, a IOBEJCHHE CBOOOJHONM T'paHMIBI ONMUCHIBACTCS
ycioBueM Credana.

Ompenenena aByMepHass (QyHKIMS TOKa M, HCHOJIB3Ys STy (yHKIHIO
MOCTPOCHA MaTeMaTHdecKas MOJENb Iepeaadn Tera. MoaeanpoBaHHue,
OCHOBAaHHOE HA HCIHOJIb30BAaHMM (QYHKIUHM TOKA HMEET CYIIECTBCHHbBIC
ImpeuMymiecTBa.  [IpoBeJeHO  JeTalbHOE  OMHCAHUE  ITOCTPOCHHUS
MaTeMaTHYeCKOH MOJeNH, NMepexo] K BapHAIlMOHHOM 3ajade, a Tarke
crabast popMyIHpOBKa ITOJIYYEHHOH 3aadll U €€ YHCICHHOE PEIlCHUE B
JBYMEPHOM CIIydae.

B TpexMepHOM ciiydae, y4uThiBas GOpMy rapHHCCAKHOW MEYH, CTPOUTCS
MaTeMaTH4ecKas MOJENb C  HCIOJIb30BAaHHUEM  IIMIMHIPUYECKOH
KOOPAWHATHOM cHcTeMBl. [lomydeHbl ypaBHEHWsS COXpaHEHHS B
LWIMHIPUYECKNX KoopAnHaTax. Ha HENOXBIKHOH YacTH TpaHMLEI
CTaBATCSA CTAaHJAPTHBIC YCIIOBHSA, a Ha CBOOOJHON TpaHUIIE - YCIOBHE
Credana. [lanee, moimydeHHas cucTeMa NPUBOJHUTCS K BapHAlOHHOW
3aznaue. [l peayii3aluy METoJa KOHEUHBIX 3JIEMEHTOB IS PeLICHUS 3TOM
3ama4l  CTPOWTCS OasucHas (YHKIUS C KOMIIAaKTHBIM HOCHTEIEM
(TpexmepHblii ananor ¢pyHkuuun Kypanra).

Jns  peanmzamum  MeToJa  KOHEYHBIX ~ DJEMEHTOB  pa3OmBaeM
paccMaTpuBaeMyr0 OOJIaCTb Ha KyOBI, KaKABIi W3 KOTOPBIX, B CBOIO
ouepenb, pa3OuBaercss Ha 24 TeTpasapa, U, 3aTEM HCIOIB3YyeM
MMOCTPOCHHYI0 0a3HMCHYIO (YHKIMIO IS TPHBEICHUS 3a/1a4d K CHCTEME
YpaBHEGHUH, COCTOSIIEH U3 JIMHEHMHON M HENWHEHHOW uwacTeld, ams
onpenencHus Ko3(QOHUIMEHTOB, MO KOTOPBIM CTPOUTCS MPHOIMKECHHOS
pewenne 3amaun. [lomyueHHas cucteMa pemaercs MetogoM HerooToHa H,
3aTeM, pellIeHHe MPEICTABICHO COOTBETCTBYIOIINMH rPpapHKaMH.

B eanHUYHOM Kpyre paccMoTpeHa 3aaada Jupuxiie [Uis SJUTMITHYECKOTO
YpaBHEHHUsS] YETBEPTOrO IOpsIKa C IOCTOSHHBIMH Kod(duireHTamu.
CHayanma pacCMOTPEH CIydail MpaBHIBHO SJUIMITHYECKOTO ypaBHEHHS.
IIpeanonaraeM, 4To XapaKTEpPUCTHUECKOE YpaBHEHHE MMEET ABYKPATHBIN
KOpeHb B BEPXHEH MOIYIUIOCKOCTH W JBa TNPOCTBHIX KOPHS B HIDKHEH
MOJTYTIIIOCKOCTH. Pemenne uimeMm B Kiacce (QyHKIHUH, YXOBIETBOPSIONIINX
ycioBuIo ['enpaepa BIUIOT 10 FPaHUIIBI BMECTE C IIPOM3BOIHBIMHU IIEPBOTO
nopsaxa. [Tomydyena HoBast popMmyrta st onpenenaeHus JeGeKTHBIX YHCel
337a4d. YCJIOBHS pAa3peliMMOCTH HEOJHOPOJHOM 3ajauM, a Takxke,
JIMHEHHO HE3aBUCHUMBIC peuieHuA OﬂHOpOﬂHOﬁ 3aa4y IOJIYYE€HbI B SBHOM
Buze. [Toka3ano, 9To fedeKTHbIE Yrcia MOTYT IPUHIMATh 3HAUYEHHUS HOJb,
oauH ¥ 1Ba. UmcneHHoe ompejeneHne Ae(EKTHBIX YHCEN IPOBEAEHO C
HCTIONB30BaHUEM MakeTa mporpamMm Mathematica. [lamee, paccMoTpeH
Cllydail HEeNpaBWIBHO IUIMNTHYECKOTO yPAaBHEHUS (XapaKTepHCTUYECKOe
YpaBHEHHE HMMeEET OJUMH IBYKPaTHBII KOpPEHb M JBa INPOCTHIX KOPHS B
BEpXHEH MOJyIIOCKOCTH) . B 3ToM cityuae ompezneneH Kiacc rpaHUYHBIX
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GbyHKUMHA, B KOTOPOM paccMarpuBacMas 3ajada KOPPEKTHA, a TakKe
¢dopmyrna nedextHeix uncen. Haiinens! ycioBus Ha Ko3()GHUIHEHTHI
yYpaBHEHHS, HPH KOTOPBIX OJHOPOJAHAS 3ajadya HMeeT OeCKOHEe4YHOe
MHO>KECTBO JTMHEWHO HE3aBUCHUMBIX PEIICHUH.

2rU4UEsNre-30Fy
Unhwdtuy Zwuuwh Unhwddwinh

Gqpuyht jpunhptp fhyuwlwi b wupwpnwlwuh

hujuwuwpnidbph hudwp b jhpunnipniuubp Eplduq dhgujuynh

dupbdwwnhjulwb dngkikpnid

Whmumnwibpnd unwgyt Gt htmlyw wipynibpbbipp:

1.

Boweowth ntiypmy hpuwubwgytg) £ qubwal wyune Hwuipdub
Jupupwbinid (qupbthuwd Jupwpwbind) ghipinipjub thnpuwbgdw
duwptiiumhijuyuit  dnpbhpuynpnidp  (mbEnuthnpunigyubt - tplinye):
Uuwptdunhujud  dnpbjuygnpnudp hpdbgnid £ wynbighuy
dnibjghmbitph L qqubiwghtt Ynnpphtwnmbdtph oguugnpéiwd Ypu:
<pdtwub hwjuwuwpniittipp unwgyty G yquhwwidwb optiipitinhg
hulj wqun Lqpp tyupugpynid £ Unbdwbh wuydwbng:

Lhpinwoyl totpyuth wnnbkaghwy $nidjghw b wyu $nidyghuygh
oqlnipyuip Junnigyt £ etpduhnfumbtiuynipyub dwptdwmhjului
dnpt;:  Unphjuynpnudp, hpdiuwd wnubbghuwy — $niijghuygh
oquugnpdiwl Ypw nibh qquih wnwybnipynibdtp: Twipudwub
tupugnyuo £ dwptdiunmhjuljubd dnptijh Juonignidp b wbgnodp
Juphwghnt fuinpht: Wyanithbml oguugnpotinyg wpywo futinph pnyy
awytipynidp vnwbnid Ghp wyn putnph pYuwyhlt nedndp plsuth
ntiypned:

Bnusuth phiygpnid, huwpyh wnbting qupbhuwd Jupupuith alp,
Jwpbiunhulud dnpbp junnigynid b quubuyhtt jnnpphiwnwyub
hudwlwpgh oqnipyudp: Mwhywidwh optbpltpp gpymd  Gh
quubughtt Ynnpphtnbtitipnid: Gaph whpwupd dwumd wpynd - G
nuulijub wuydwbbbpp, hul wquun tgqpp ypw Unmbdwbh wuydwbp:
Wanithtinl, uvnwggud hudwjuipngn ptipgnid £ Juphwughnt jutinphb:
Wu pbnph  odwt hwdwp  gbeppuwynp  wwppiph dbpnnh
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hpuubwgdwd hwdwp Jueniggty b jndjuyum Yphony pughuwyh
$nrLighw (Unipwbnh niijghuyh towswth mwpptipuy):

dbppuwynp wmwpptiph dtennh hpujubwgdwi hwdwp nhwwpyynng
whpnypep wpnhynid £ janpubiwpntiph, npniighg wdtih Wkhp hp htippht
wpnhynid £ 24 punwbdhumbtph: Whnithtmle jupnigqud pughuwyh
$nityghwtt Yhpunynid © uinhpp gdughlt b ny gduyhll dwubiphg
punyugwd hwjuuwpnidtiph hwdwljupght piptne Gwunmwynyg: Wy
hudwluwpp jhpunynid £ Ununnbh dtpngny gnpowjhghtiph npmpdwb
hwdwp, hull onuip  bhpuyuwgyuws E huwdwyuunmwunub
qnwdhliitinny:

Uhwynp ppwtnid phuwpijug L hwunmwwmnit  gnpdwjhgitipnyg
snpnny Jupgh bhwuuljud hwdwuwpdwd hudwp “Hhphhutyh fubinhpp:
Ulaphg nhuwpljynid b Gagphn fhyuwlud hufuuipdwd ghithpp:
Glpunpynid £, Yynp plinipugnphs hwjuwuwpnidp nith Ypyawagumnmhy
wpdwn ybphtt jhuwhwpnnipniimd b Gpine wqwipg wipdwwnbtip
umnphtt  Jhuwhwpnniggnitinid:  Lndnidp thtmpmid - Ghp wyle
dnLuyghwtiiph nuunid, npnbip wnweht juipgh wowbtdyuytitiph Yhwuht
pujupupnid G <tnbtph wuydwiht phenith dhtale bgpp: Sutd) £
hutinpph  nidtuuyhtt pYtiph hwdwp Gnp pwbwadbp: Whhwdiwutin
hnph  udtjhpipyut yuydwbbipp b hwdwutin jubingph  qonpkl
wbhwu noniditipp quigty G puguwhuwyn wtuny: 8nyyg £ wmipyt, np
qnn, Uk} UL Gpyne phdtjumuyhtt pytph hbwpynp  wpdtpbbpn:
Qaptjunuyhlt pYtiph pYyuyhtt npnpnidp hpuwjwbgyl £ Mathematica
opwgpuyhtt thwptnh oqlnipyudp: Fhwnwplyty p Gwle nsGygphwn
Ehyuuut hwjuuwpdwd ptithpp (plipwgphy hwjuuwpnudp nith
dhy Yplhwyunmpy wpdwnm b Gpyne wupqg  wpdwwnmbbp  ephit
Jhuwhwppnipniinid):  Whu  plithpnid qubdly £ Gqpuyght
PnLuyghwmbitiph nuu, npuntin mpywd pubnhpp Ynetiu £ b padtiunught
pUEnh  hwpyiwbd  pwbwdlbip: Opnpdly G twk  hujuuwpdub
gnpowhgtiph Yypw wpynn wwphdwbdbtpp nph plithpnid hwdwubin
hatinhpp nLth wmbtipy phyny qonptt wbuu jnLonidbtip:
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