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Actuality of the subject. It is a classic pi’oblem in mathematics to estimate the value of
a function at certain points from known values at other points. The process of reconstructing a
function, curve, surface from certain known data is called interpolation. In some sense, polyno-
mials are the simplest type of interpolants to work with, as their definition only involves a finite
number of additions, subtractions, and multiplications. Also they can be easily differentiated
or integrated.

Univariate polynomial interpolation is a classical subject, with a long history and a well
settled theory. It dates back to the Newton and the Lagrange fundamental solutions of the
interpolation problem.

Compared to that, the multivariate counterpart is much more complicated. Tt has only
been systematically considered in the second half of the 20th century due to the development
of computers. Another reason for the interest of multivariate problems was the emergence of
new mathematical methods, as cubature formulae, finite element methods. Another connection
is Algebraic Geometry, since the solvability of a multivariate interpolation problem relies on
the fact that the interpolation points do not lie on an algebraic surface of a certain degree.

These days, applications of multivariate polynomial interpolation range over many different
fields of pure and applied mathematics. Interpolation theory finds applications in many prob-
lems, as numerical differentiation and integration, numerical solution of differential equations,
evaluation of transcendental functions, typography, and the computer-aided geometric design
of cars, ships, and airplanes.

Purpose and goals of the thesis. The thesis consists of two parts. The first part is
dedicated to the factorization of the fundamental polynomials of two and three variables.

In the second part we provide an adjustment to the formulation and then prove a conjecture
proposed by V. Bayramyan and H. Hakopian in a recent paper. The conjecture characterizes
the number of usages of a line in a GC set, provided that the Gasca-Maeztu conjecture is true.

The object of research. Multivariate polynomial spaces, n-independent and n-poised
sets, GC, sets, maximal lines, Gasca-Maeztu conjecture, general principal lattices, Chung-Yao
lattices, Carnicer-Gasca lattices.

The methods of research. The methods of univariate and multivariate polynomial in-
terpolations are used. Also some methods of linear algebra and algebraic geometry are used.

Scientific novelty. Necessary and sufficient conditions are provided for the factorization
of fundamental polynomials of node sets in R? of cardinality < 2n + [n/2] + 1 and of node sets
in R? of cardinality < 3n+ 1. A new simple proof of the Gasca-Maeztu conjecture for the case
of n = 4 is provided. Then a correct formulation of a property established by V. Bayramyan
and H. Hakopian on the usage of n-node lines in GC,, sets is provided and then proved. Finally,
an adjustment to the formulation of a conjecture proposed by V. Bayramyan and H. Hakopian
on the usage of k-node lines in GC, sets, 2 < k < n + 2, is provided and then proved. Also
counterexamples for the cases when the lines are not used at all are presented.

Practical significance. Main results in the thesis are of theoretical nature but at the
same time some of them can have practical application. For instance finding fundamental
polynomials in the simplest possible form is significant from the point of view of applications.
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The characterization of independent and poised sets can be used in the mathematical problems
where multivariate polynomial interpolation is considered.

The following provisions are presented for the defence.

Necessary and sufficient conditions are provided for the factorization of fundamental poly-
nomials of node sets in R* of cardinality not exceeding 2n + [n/2] + 1 as a product of

factors of at most second degree.

Independence of node sets with 3n+ 1 nodes in R*. Necessary and sufficient conditions are
provided for the factorization of fundamental polynomials of such node sets as a product
of linear factors.

A correction of a property on the usage of n-node lines in GC,, sets established by V.
Bayramyan and H. Hakopian.

An adjustment of the formulation of a conjecture proposed by V. Bayramyan and H.
Hakopian on the usage of k-node lines in GC,, sets, 2 < k < n + 2, is provided and then
proved. Namely, by assuming that the Gasca-Maeztu conjecture is true, we prove that
any k-node line £ is not used at all, or it is used by exactly (3) nodes, where s satisfies
the condition 2k —n — 1< s < k.

The approbation of obtained results. The results of the thesis were reported in

the scientific seminars held in the department of Numerical Analysis of the Faculty of
Informatics and Applied Mathematics of Yerevan State University,

the International Conference Dedicated to 90th Anniversary of Sergey Mergelyan, 20-25
May, 2018, Yerevan, Armenia, Abstracts, pp. 37-38 ([5*]).

- the Emil Artin International Conference, Dedicated to 120th Anniversary Emil Artin, 29
May - 02 June, 2018, Yerevan, Armenia, Abstracts, p. 67 ([6*]).

- the International Conference Harmonic Analysis and Approximations VII, Dedicated to
90th Anniversary of Alexandr Talalyan, 16-22 September, 2018, Tsaghkadzor, Armenia,
Abstracts, pp. 45-47 (|7¥]).

Publications. The results of the thesis were published in 4 scientific articles and reported
in 3 international conferences which we bring at the end of the Synopsis.

The structure and the content of thesis. The thesis consists of introduction, two parts
each of which contains three chapters, summary and bibliography. The puplications of the
author are [1*| - [7*]. The paper [8*] is accepted for publication. The number of references is
32. The content of the thesis is 101 pages.
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THE CONTENT OF THE THESIS

In Chapter 1 we present univariate and multivariate interpolation and some basic known facts.
In Section 1.2 we present multivariate interpolation problem. Denote

X=(21,..., 25 ER® a =0y, ag) € Z‘fr, X" =™ g™, |al=ar + -+ ag.

Let TI¢ be the space of polynomials of d variables of total degree at most n :

T — Z anX* : a, € R?
lal<n
The dimension of this space is given by N(n,d) := dimIIZ = ("+4).
Below we state the Lagrange multivariate interpolation problem. Suppose we have a set of
s distinct nodes X, = {x1,...,x,} C R? and s arbitrary values ¢y, . . . ¢,. The problem of finding
a (unique) polynomial satisfying the following conditions:

px)=c¢;, i=1,...s (1941

is called interpolation problem. The conditions (1.2.1) are called interpolation conditions.
First, we define fundamental polynomials and independent sets. A polynomial p € II¢ is

called an n-fundamental polynomial for a node A = x; € X; if
poal i e

where 0 is the Kronecker symbol.

Definition 1.2.1. A set of nodes X is called n-independent if all its nodes have fundamental
polynomials. Otherwise, X is called n-dependent.

Fundamental polynomials are linearly independent. Therefore, a necessary condition of
n-independence is |X| < N(n, d).

Definition 1.2.2. The set of nodes X, is called n-poised if for any data {ci, ..., ¢} there exists
a unique polynomial p € 11¢, satisfying the conditions (1.2.1).

A necessary condition for n-poisedness of the set X is s = |X,| = N(n, d).
We have that a set X,, with s = N(n, d) is n-poised if and only if it is n-independent.
In Section 1.2.2 we present basic known results on bivariate interpolation.
For the brevity we denote the space of bivariate polynomials of total degree at most n by

II, := I12. Similarly we set N := N(n,2) = ("}?).

Proposition 1.2.3. The set of nodes Xy is n-poised if and only if the following condition
holds:
P T plaopsli=00 =10 N e () (1.2.4)



A plane algebraic curve is the zero set of some bivariate polynomial. To simplify notation,
we shall use the same letter, say p, to denote the polynomial p of degree n > 1 and the curve (of
the same degree) given by the equation p(z,y) = 0. More precisely, suppose p is a polynomial
without multiple factors. Then the algebraic curve defined by the equation p(z,y) = 0 shall
also be denoted by p. So lines, conics, and cubics are equivalent to polynomials of degree 1, 2,
and 3, respectively; a reducible conic is a pair of lines, and a reducible cubic is a triple of lines
or consists of a line and an irreducible conic. We denote lines, conics and cubics by «, # and
v, respectively.

We get from Proposition 1.2.3 the following geometric interpretation of n-poisedness.

Proposition 1.2.4. The set of nodes Xy is not n-poised if and only if there is an algebraic

plane curve of degree n passing through all the nodes of Xy.

As it follows from Proposition 1.2.4 the construction of a set Xy which is not n-poised is
very easy. One just needs to choose an algebraic curve p of degree n and locate all the nodes
of Xy in that curve. While the construction of an n-poised set Xy is more difficult, since the
n-poisedness means that there is no curve p of degree n passing through all the nodes of Xy.

A general construction of n-poised sets was introduced by Berzolari [3] and Radon [23].
This construction is described in Section 1.2.2.

In Chapter 2 we start the presentation of the results of this thesis.

First the factorization of fundamental polynomials is studied. In the case of univariate
interpolation fundamental polynomials can be presented as products of linear factors. But in the
case of bivariate interpolation this is not always possible. Here we characterize n-independent
node sets for which all fundamental polynomials are products of lines or conics.

Theorem 2.1.1 (|2*). Let X be an n-independent set of nodes with |X| < 21 + 1. Then for
each node of X there is an n-fundamental polynomial, which is a product of lines. Moreover,
this statement is not true in general for n-independent node sets X with |X| > 2n + 2.

The first part follows from the following proposition, which covers a wider setting.

Proposition 2.1.2 ([2*]). Let X be a set of nodes with |X| < 2n + 1 and A € X. Then the
following three statements are equivalent:

i) The node A has an n-fundamental polynomial;

ii) The node A has an n-fundamental polynomial, which is a product of linear factors;
iii) No n + 1 nodes of X \ {A} are collinear together with the node A.

In Section 2.3 we present the main result of Chapter 2:

Theorem 2.3.1 ([2*]). Let X be an n-independent set of nodes with |X| < 2n + [n/2] + 1.
Then for each node of X' there is an n-fundamental polynomial, which is a product of lines
and conics. Moreover, this statement is not true in general for n-independent node sets X with
|X] > 2n+ [n/2]+ 2 and n > 3.

We provide a counterexample to prove the “Moreover” part of this Theorem. The following
proposition covers a wider setting.

Proposition 2.3.2 ([2*]). Let X be a set of nodes with |X| < 2n+ [n/2]+1 and A € X. Then
the following three statements are equivalent:

i) The node A has an n-fundamental polynomial;
ii) The node A has an n-fundamental polynomial, which is a product of lines and conics;

iii) a) Non+ 1 nodes of X \ {A} are collinear together with A;

b) If n + 1 nodes of X \ {A} are collinear and are lying in a line o then no n nodes of
X\ (AU ) are collinear together with A;

¢) No 2n + 1 nodes of X \ {A} are lying on an irreducible conic together with A.

In Chapter 3 we present our results concerning factorization of trivariate fundamental poly-

nomials. We provide the following

Proposition 3.1.1 ([3*]). Let X be a set of knots in R? with |X| = 3n — k, where k,n > 1
and A € X. Suppose that the following three conditions hold:

i) No n + 1 knots of X \ {A} are collinear together with A;

ii) If n + 1 knots of X \ {A} are collinear and are lying in a line ar, A € . then no n knots
of X \ « are collinear together with A;

iii) No 2n + 1 knots of X \ {A} belong to an irreducible conic together with A.

Then there exists a fundamental polynomial of A of form pj » = ayay...akgq, where aq, ...
are lines and ¢ € II,, .

We denote by IT,(L) the set of restrictions of polynomials of total degree at most n on a
plane L. The generalization is the following.
Bellow we present the main results of Chapter 3.

Proposition 3.2.2 ([3*]). Let X be a set of knots in R* with |[X| < 3n+ 1 and A € X. Then
the knot A has an n-fundamental polynomial, which is a product of linear factors, if and only

if the following two assertions hold:
i) No n + 1 knots of X \ {A} are collinear together with A;

i) If at least 2n + 1 of X'\ { A} knots are lying in a plane L4 passing through A then all the
knots of X N L, different from A lie in n lines not passing through A.

In Section 3.3 we prove the following

Theorem 3.3.1 ([3*]). Let X be a set of non-coplanar knots in R* with |X| < 3n + 1. Then
X is n-independent if and only if the following three statements hold:

4
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i) Non + 1 knots of X \ {A} are collinear together with A;
ii) There are no 2n+2 coplanar knots of ', which belong to a conic(reducible or irreducible)

o

iii) If 3n knots belong to a plane L, then there are no curves g, € I1,(L) and v € II3(L) such
that XN L =0,N4.

The statement of Theorem follows from the following result which covers a wider setting.

Proposition 3.3.2 ([3*]). Let X' be a set of non-coplanar knots in R? with |X| < 3n+ 1. Then
a knot A € X has an n-fundamental polynomial if and only if the following four statements
hold:

i) Non+ 1 knots of X \ {4} are collinear together with A;

ii) If n 41 knots of X'\ {A} are collinear and are lying in a line o, A ¢ o, then no n knots
of X \ & are collinear together with A;

iii) If 2n + 1 knots of & \ {A} are coplanar together with 4 and belong to a plane L, then
there is no conic in the plane passing through A and 2n + 1 other knots of X N L

iv) If A and 3n — 1 other knots belong to a plane L, then there are no curves o, € (L)
and vy € II3(L) such that X N L = o, N 7.

Next we present the following

Corollary 3.3.4 ([3*]). Let X be a set of knots in R® with |X| < 3n + 1. Then X is n-
independent if and only if for any plane L the set X N L is n-independent.

Part II of the thesis is devoted to GC,, sets, i.e, n-poised sets where each node possesses a
fundamental polynomial which is a product of n lines.

In Chapter 4 we define GC,, sets, present their classification and bring some known results.

Definition 4.1.1. Given an n-poised set X. We say that a node A € X uses a line ¢ € T, if
P = {q, where g € IT,,_;.

Next we bring the following proposition concerning the factorization of polynomials vanish-
ing at some points of lines

Proposition 4.1.2. Suppose that a polynomial p € II, vanishes at n + 1 points of a line £.
Then we have that p = ¢r, where r € II,,_,.

As it follows from Proposition 4.1.2, at most n + 1 nodes of an n-poised set X can be
collinear. Thus we arrive to the following

Definition 4.1.3 ([4]). A line passing through n + 1 nodes is called a mazimal line.

Clearly, in view of Proposition 4.1.2 a maximal line X is used by all the nodes in X AP
In Section 4.1, we define GC' sets introduced by K.C. Chung and T.H. Yao.
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Definition 4.1.6 ([14]). An n-poised set X is called GC, set (or GC set) if the n-fundamental
polynomial of cach node A € X is a product of n linear factors.

So, GC,, sets are n-poised sets such that each of its nodes uses exactly n lines.

Next, the Gasca-Maeztu conjecture, briefly called GM conjecture is presented:
Conjecture 4.1.7 (|16, Sect. 5). Any GC, set possesses a maximal line.

Until now, this conjecture has been confirmed to be true for the degrees n < 5 (see [5], [19]).
For a generalization of the Gasca-Maeztu conjecture to maximal curves see [20].
The following important result is due to Carnicer and Gasca.

Theorem 4.1.8 ([8], Thm. 4.1). If the Gasca-Maeztu conjecture is true for all & < n, then
any GC,, set possesses at least three maximal lines.

This yields, in view of Proposition 4.1.2, that each node of a GC, set X uses at least one
maximal line.
Denote by g1 = yi(X) the number of maximal lines of a node set X. Thus, we have for any
GC, set X :
3< (X)) <n+2, (4.1.2)

where for the first inequality it is assumed that GM conjecture is true.

In Section 4.2, we start consideration of the results of Carnicer, Gasca, and Godés, concern-
ing the classification of GC,, sets according to the number of maximal lines the sets possess.
Let us start with

Theorem 4.2.1 ([12]). Let X be a GC, set with ;(X') maximal lines. Suppose also that GM
conjecture is true for the degrees not exceeding n. Then p(X) € {3,n—1,n,n+ 1,n+ 2}.

In this chapter we consider the classification of GC,, sets for the following three cases:

1. Lattices with n + 2 mazimal lines - the Chung-Yao natural lattices.

Let a set M of n + 2 lines be in general position, i.e., no two lines are parallel and no
three lines are concurrent, n > 0. Then the Chung-Yao set is defined as the set X of all (";’2)
intersection points of these lines. We have that the n + 2 lines of M are maximal for X. Each
fixed node here is lying in exactly 2 lines and does not belong to the remaining n lines. Observe
that the product of the latter n lines gives the fundamental polynomial of the fixed node. Thus
X is a GO, set. Let us mention that any n-poised set X, with u(X) = n + 2, clearly forms a
Chung-Yao lattice. Recall that there are no n-poised sets with more maximal lines (Proposition
4.1.5, (iii)).

2. Lattices with n + 1 mazimal lines - the Carnicer-Gasca lattices.

Let a set M of n + 1 lines be in general position, n > 2. Then the Carnicer-Gasca lattice
X is defined as X := XY@ U XV, where X@ is the set of all intersection nodes of these n + 1
lines, and X is a set of other n + 1 non-collinear nodes, one in each line, to make the line

maximal. We have that |X| = (";’1) + (n+1) = ("3?). It is easily seen that X is a GC, set

9
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