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Actuality of the subject.It is aclassicproblem in mathematicsto estimatethe valueof
a function at certainpoints from known valuesat other points.The processof reconstructinga
function, curve, surfacefrom certainknown dataiscalledinterpolation. In somesense,polyno-
mialsarethe simplesttype of interpolantsto work with, astheir defnition only involvesafnite
number of additions,subtractions,and multiplications. Also they can be easilydifferentiated

or integrated.
Univariate polynomial interpolation is a classicalsubject, with a long history and a well

settled theory. It datesback to the Newton and the Lagrangefundamentalsolutionsof the
interpolation problem.

Comparedto that, the multivariate counterpart is much more complicated. It hasonly
beensystematicallyconsideredin the secondhalf of the 20th century due to the development
of computers. Another reasonfor the interest of multivariate problemswas the emergenceof
new mathematicalmethods,ascubatureformulae, finite elementmethods. Another connection
isAlgebraic Geometry,since the solvability of a multivariate interpolation problem relies on
the fact that the interpolation pointsdo not lie on an algebraicsurfaceof acertain degree.

Thesedays.applicationsof multivariate polynomial interpolation rangeover many different
feldsof pure andappliedmathematics.Interpolation theory finds applicationsin many prob-
lems,asnumericaldifferentiation and integration, numerical solution of differential equations,
evaluationof transcendentalfunctions, typography,and the computer-aidedgeometricdesign
of cars,ships,andairplanes.

Purposeand goalsof the thesis.The thesisconsistsof two parts. The first part is
dedicatedto the factorizationof the fundamentalpolynomialsof two and three variables.

In the secondpart we providean adjustmentto the formulation and then proveaconjecture
proposedby V. Bayramyanand º. Hakopian in a recent paper.The conjecturecharacterizes
the number of usagesof aline in a GCset,provided that the Gasca-Maeztuconjecture is true.

The objectof research. Multivariate polynomial spaces,n.independentand n-poised
sets, sets,maximal lines, Gasca-Maeztuconjecture,generalprincipal lattices,Chung-Yao
lattices,Carnicer-Gascalattices.

The methodsof research.The methodsof univariateandmultivariate polynomial in-
terpolationsareused. Also somemethodsof linear algebraand algebraicgeometryareused.

Scientifi novelty. Necessaryandsufficient conditions areprovided for the factorization
of fundamentalpolynomialsof nodesetsin R2 of cardinality< 2n - [n/2] andof node sets
in R3 of cardinality < + 1.A new simpleproof of the Gasca-Maeztuconjecturefor the case
of n = 4is provided. Then a correct formulation of aproperty establishedby V. Bayramyan
and º. Hakopianon the usageof n-node lines in GOn sets isprovided and then proved.Finally,
an adjustmentto the formulation of aconjectureproposedby V. Bayramyanand º. Hakopian
on the usageof k-node lines in GCn sets,2 < k < 2, isprovidedand then proved. Also
counterexamplesfor the caseswhen the linesarenot usedat all arepresented.

Practicalsignificance. Main results in the thesis are of theoretical nature but at the
sametime someof them canhavepractical application. For instancefinding fundamental
polynomials in the simplestpossibleform is significant from the point of view of applications.

3

© National Library of Armenia



The characterizationof independentandpoisedsetscan be usedin the mathematicalproblems
where multivariate polynomial interpolation isconsidered.

The following provisionsarepresentedfor the defence.

Necessaryandsufficient conditions areprovided for the factorizationof fundamentalpoly-
nomialsof node setsin R2 of cardinality not exceeding2n [n/2] + 1 as aproduct of
factorsof atmost seconddegree.

Independenceof nodesetswith 3n+1nodesin R3 Necessaryandsufficient conditions are
provided for the factorizationof fundamentalpolynomials of suchnodesetsasaproduct
of linear factors.

A correction of aproperty on the usageof n-node lines in GOn setsestablishedby V.
Bayramyanand º. Hakopian.

An adjustmentof the formulation of a conjecture proposedby V. Bayramyanand º.
Hakopianon the usageof k-node lines in GCn sets,2 < k < isprovidedand then
proved. Namely, by assumingthat the Gasca-Maeztuconjectureis true, we prove that
any k:node line is not usedat all, or it is usedby exactly(2) nodes,where ssatisfies
the condition 2k 8< k.

The approbationof obtainedresults.The resultsof the thesiswere reported in

the scientific seminarsheld in the departmentof Numerical Analysisof the Faculty of
InformaticsandApplied Mathematicsof YerevanStateUniversity,

THE CONTENT OF THE THESIS

In Chapter1 we presentunivariateandmultivariate interpolation and somebasicknown facts.
In Section1.2 wepresentmultivariate interpolation problem. Denote

x=((1,...,%d)¿Rd, ad)eld, ÀÁ- 2lal Tdad,a = 11+...+ ad.

Let be the spaceof polynomials of d variablesof total degreeat most n.

Id - ÁÁÀÁ: Á¿Rd

The dimensionof this spaceis givenby N(n, l) :-- dim IId -- (nad.
Below we statethe Lagrangemultivariate interpolation problem. Supposewe havea setof

s distinctnodesXs- (x1,...xs]ÂRd and sarbitrary valuesCl,...Cs.The problemof fnding
a (unique)polynomial satisfying the following conditions:

p(x;) = Ci, 1=1,...s, (1.2.1)

iscalledinterpolation problem. The conditions(1.2.1)arecalled interpolation conditions.

First, we defne fundamentalpolynomials and independentsets.A polynomial p ¿ Idd is
calledan nnffundamentalpolynomial for anodeA= if

p(x;) =Ãik, 2 4 1,...,S,

the International ConferenceDedicatedto 90th Anniversary of SergeyMergelyan,20-25
May, 2018,Yerevan, Armenia, Abstracts,pp. 37-38([5*]).

the Emil Artin International Conference,Dedicatedto 120th AnniversaryEmil Artin, 29
May - 02 June,2018,Yerevan.Armenia, Abstracts,p. 67 ([6*]).

the International ConferenceHarmonic Analysisand ApproximationsVII, Dedicatedto
90th Anniversary of Alexandr Talalyan,16-22 September,2018,Tsaghkadzor,Armenia,
Abstracts,pp.45-47([7*]).

Publications. The resultsof the thesiswere publishedin 4 scientific articlesand reported
in 3 international conferenceswhich we bring at the end of the Synopsis.

The structureand the contentof thesis.The thesisconsistsof introduction, two parts
eachof which contains three chapters,summaryandbibliography. The puplicationsof the
author are(1*] - The paper isacceptedfor publication. The number of referencesis
32. The contentof the thesis is101 pages.

where isthe Kroneckersymbol.

Definition 1.2.1. A setof nodes is called ".-independentif all its nodeshave fundamental
polynomials.Otherwise, iscalled m-dependent.

Fundamentalpolynomials arelinearly independent. Therefore, anecessarycondition of
n-independenceis < N(n, )).

Definition 1.2.2.The setof nodes iscalledn-poisedif for any data ., ssithereexists
a uniquepolynomial p ¿ Idd satisfyingthe conditions(1.2.1).

A necessarycondition for n.poisednessof the setXs is s= Xs-- N(n, )).
We have that asetXs, with -- N(n, l) isn-poisedif and only if it isn-independent.
In Section1.2.2 wepresentbasicknown results onbivariate interpolation.

For the brevity we denote the spaceof bivariate polynomialsof total degreeat most m by
:=Ä?.Similarly we setN:=N(n, 2) = (n+2).( 2 ).

Proposition1.2.3.The setof nodesXN is n-poised if and only if the following condition
holds:

¿ ÄÅ,p(.i, yi) = Æ,z=1,...,N > = Æ. (1.2.4)
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A plane algebraiccurve is the zerosetof somebivariate polynomial. To simplify notation,
we shallusethe sameletter, sayp, to denotethe polynomial p of degreeŸ >1 and the curve(of
the samedegree)givenby the equationp(z,y)= Æ.More precisely,supposep is apolynomial
without multiple factors. Then the algebraiccurvedefinedby the equationp(z, y) shall
alsobe denotedby p. Solines,conics,andcubicsareequivalentto polynomials of degree1, 2,

and 3, respectively;a reducible conic is a pair of lines, and areduciblecubic is atriple of lines
or consistsof aline and anirreducible conic. We denote lines, conicsandcubicsby a,Ç and

7, respectively.
We get from Proposition 1.2.3the following geometricinterpretation of ".-poisedness.

Proposition1.2.4.The setof nodesXN is not n-poised if and only if there is analgebraic
plane curveof degree npassingthrough all the nodesof XN.

As it follows from Proposition1.2.4 the constructionof a setXN which is not n-poised is

very easy.One just needsto choose analgebraiccurve pof degree nand locateall the nodes
of XN in that curve. While the construction of an "n-poisedsetXN is moredifficult, since the

n-poisednessmeansthat there is no curve of degreeŸ› passingthrough all the nodesof XN.
A general construction of n-poisedsetswas introducedby Berzolari[3] and Radon[23].

This construction isdescribedin Section1.2.2.
In Chapter2 we start the presentationof the resultsof this thesis.
First the factorization of fundamentalpolynomials is studied. In the caseof univariate

interpolation fundamentalpolynomialscanbepresentedasproductsof linear factors.But in the

caseof bivariate interpolation this isnot alwayspossible.Here wecharacterizemaidependent
node setsfor which all fundamentalpolynomialsare productsof lines or conics.

Theorem2.1.1([2*]). Let be ann.independentsetof nodeswith X < 2È+ 1.Then for
eachnode of X there is an n-fundamentalpolynomial, which is a product of lines. Moreover,

this statementis not true in generalfor "n-independent nodesets with > 2n+ 2.

The first part follows from the following proposition,which coversa wider setting.

Proposition2.1.2([2*]). Let be a setof nodeswith < 2n + 1and A ¿X. Then the
following three statements areequivalent:

i) The node A has anmuffnndamental polynomial;

ii) The nodeA has ann-fundamental polynomial, which is aproduct of linear factors;

iii) No ++ 1nodesof X IA IA are collinear together with the node ».

In Section2.3we presentthe main result of Chapter2:

Theorem2.3.1([2*]). Let bean n-independentsetof nodeswith < 2Ÿ (n/2] + 1.

Then for eachnode of there isan "n-fundamental polynomial, which is aproduct of lines
and conics. Moreover,this statementisnot true in generalfor n-independentnode sets with

> 2n [n/2] + 2 and n 3.

We provide acounterexampleto prove the "Moreover" part of this Theorem.The following

proposition coversawider setting.

Proposition2.3.2([2*]). Let bea setof nodeswith < 2n+[[/2] + 1and A x. Then

the following threestatementsareequivalent:

i) The nodeA has anmnffundamentalpolynomial;

ii) The nodeA has anm.fundamentalpolynomial, which is aproduct of linesand conics;

iii) a) No n+ 1nodesof arecollinear togetherwith A;

b) If ++1nodesof X (A) arecollinear and arelying in a line a then no Ÿ› nodesof

X/(AUn) arecollinear together with A;

Â) No 2n nodesof X/(A) are lying on an irreducible conic together with A.

In Chapter 3 wepresent ourresultsconcerning factorization of trivariate fundamentalpoly-

nomials.We provide the following

Proposition3.1.1([3*]). Let bea setof knots in R2 with - 3n -- k, where k, n> 1

andA ¿ÀSupposethat the following three conditionshold:

i) No 1 knotsof are collinear together with A;

ii) If + 4 1knots of X/(A) arecollinear and arelying in a line a,A then no m knots

of X a arecollinear togetherwith A;

iii) No +1 knotsof belongto an irreducible conic together with A.

Then thereexists afundamentalpolynomial of A of form É»,À =Q102...Qk¤,where ...,Ok

are lines and¤ ¿ ÅÊ_Ë

We denoteby ÄÊ(L) the setof restrictions of polynomialsof total degreeat most Ÿ›on a
planeL. The generalizationisthe following.

Bellow we presentthe main resultsof Chapter3.

Proposition3.2.2([3*]). Let be asetof knots in R3 with < 3n+1and A ¿ Then

the knot A has ann-fundamentalpolynomial, which is aproduct of linear factors,if and only

if the following two assertionshold:

i) No n+1 knotsof X/(A) arecollinear together with A;

ii) If at least2n +1of knots arelying in aplaneLA passingthrough A then all the

knots of XNLA different from A lie in n lines not passingthrough ».

In Section3.3 we prove the following

Theorem3.3.1([3*]). Let be asetof non-coplanarknots in R3 with < 3n- 1. Then

is n-independentif andonly if the following three statementshold:

6 7
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i) No Ÿ› 1 knotsof X I (A) arecollinear together with A;

ii) Thereareno 2n+2coplanarknotsof X,which belongto aconic(reducibleoI irreducible);

iii) If 3n knotsbelongto aplaneL, then thereare no curvesOn ¿ÄÊ(L) and ÄÌ(L) such
that XNL

The statementof Theorem follows from the following resultwhich coversa wider setting.

Proposition3.3.2([3*]). Let beasetof non-coplanarknots in R3 with < 3n+1.Then
a knot A ¿ hasan meffundamentalpolynomial if and only if the following four statements
hold:

i) No n+1knotsof are collinear together with A;

ii) If +++knots of are collinearandarelying in a line A a, then no Ÿ› knots
of X/aarecollinear together with A;

iii) If 2n++ knotsof X IA IA) are coplanar together with A and belong to aplaneL, then
there is no conic in the plane passingthrough A and2n - 1 other knotsof XNL;

iv) If A and3n - 1 other knotsbelong to a planeL, then there are no curvesOn ¿ In(L)
and y¿Ä3(L) such that XNL=

Next we presentthe following

Corollary 3.3.4([3*]). Let beasetof knots in R3 with < 3n + 1. Then is
independentif andonly if for any planeL the setXNL is"--independent.

Part II of the thesisisdevotedto GOn sets,i.e, m-poisedsetswhere eachnodepossessesa
fundamentalpolynomial which isa product of lines.

In Chapter4 we defineGCn sets,presenttheir classificationand bring someknown results.

Definition 4.1.6([14]). An n-poisedset iscalledGCn set(or GO set) if the miffundamental

polynomial of eachnodeA ¿ isaproduct of n linear factors.

So,GOn setsare n-poisedsetssuchthat eachof its nodesusesexactly lines.
Next, the Gasca-Maeztuconjecture,briefly calledGM conjectureispresented:

Conjecture4.1.7([16], Sect.5). Any GCn setpossessesamaximal line.

Until now, this conjecturehasbeenconfrren to be true for the degreesŸ› < 5 (see [19]).
For a generalizationof the Gasca-Maeztuconjectureto maximalcurvessee(20]

The following important result is due to Carnicer and Gasca.

Theorem4.1.8([8], Thm. 4.1). If the Gasca-Maeztuconjecture is true for all k < Ÿ›, then

any GOn setpossessesat leastthreemaximal lines.

This yields, in view of Proposition4.1.2,that eachnodeof aGCn set usesat leastone
maximal line.

Denote by the number of maximal linesof a nodesetX. Thus,we have for any
setX:

3 < < (4.1.2)

where for the first inequality it is assumedthat GM conjectureistrue.
In Section4.2, we startconsiderationof the resultsof Carnicer,Gasca,andGodes,concern-

ing the classificationof GOn setsaccordingto the number of maximal linesthe setspossess.
Let usstart with

Theorem4.2.1([12]). Let beaGCn set with maximal lines. Supposealsothat GM
conjecture is true for the degreesnot exceedingŸ. Then Í(X) ¿(3, - -

In this chapter we considerthe classificationof GCn setsfor the following three cases:
1. Latticeswith maximal lines - the Chung-Yaonatural lattices.

Definition 4.1.1. Given an n-poisedsetX. We say that a node A ¿ usesa line ¿ ˆ›, if
where ¤ ¿

Next we bring the following proposition concerningthe factorizationof polynomialsvanish-
ing atsomepointsof lines

Proposition4.1.2.Supposethat apolynomial p ¿ vanishesat Ÿ›+1points of a line
Then we have that p=er, where T ¿ÄÊ-1.

As it follows from Proposition 4.1.2,at most Ÿ› 1 nodesof an n-poisedset canbe
collinear. Thus we arrive to the following

Definition 4.1.3([4]). A line passingthrough +1nodesis called a macimal line.

Clearly, in view of Proposition4.1.2amaximal line A is usedby all the nodesin X/A.
In Section4.1, we defineGO setsintroducedby Î.®. Chungand Ï.º. Yao.

Let aset of + 2 lines be in generalposition, i.e., no two lines areparallel and no
three linesare concurrent,Ÿ›> Æ. Then the Chung-Yaoset isdefined asthe set of all (n+2)

( 2 )
intersectionpointsof theselines.We havethat the Ÿ› 2 linesof M aremaximal for Each
fixed nodehereis lying in exactly2 linesanddoesnot belongto the remaining Ÿ› lines. Observe
that the product of the latter Ÿ› linesgivesthe fundamentalpolynomial of the fixed node.Thus

isaGC,set.Let usmention that any n-poisedsetX, with Í(X) - ˆ› + 2, clearly forms a
Chung-Yaolattice. Recallthat thereareno n-poisedsetswith more maximal lines(Proposition
4.1.5,(iii)).

2. Latticeswith n+1maximal lines- the Cammicer-Gascalattices.

Let a set of n + 1linesbe in generalposition, Ÿ›> 2. Then the Carnicer-Gascalattice
isdefined as X:=X(2)UXX1), where X(2) is the setof all intersection nodesof theseŸ›

lines, andX(1) isa setof other Ÿ›+ 1 non-collinear nodes,one in eachline, to makethe line
maximal. We havethat (n+1) (n + 1) (n+2)It is that is GCn set- ( 2 ) - ( 2). easilyseen a

8 9
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and hasexactlyn+1 maximal lines, i.e.,the lines of M. Let usmention that any n-poisedset
X, with 1, clearly forms aCarnicer-Gascalattice (see(6], Proposition2.4).

3. Latticeswith maximal lines.

Let aset of n linesbe in generalposition, Ÿ›> 3. Then consider the lattice defnedas

X:=X(2)ƒ X(1)ƒ X()), (4.2.1)

where X(2) isthe setof all intersectionnodesof theseŸ› lines,X(1) isasetof other2n nodes,two
in eachline, to make the line maximal andX(o) consistsof a single node,denotedby Æ,which
doesnot belongto any line from M. Correspondingly,we havethat - (") +2n+1- (n+2)

( 2
At the end of Section4.2, we bring the following characterizationof GCn setX, with

due to Carnicer andGasca.

Proposition4.2.2([6), Prop. 2.5).A node set is aGCn setwith the setof maximal
linesÐ, - if and only if the representation(4.2.1)holdswith the following additional
properties:

(i) There are3 lines(9,(´, concurrentat the nodeÆ: 0= (3 such that X(1)

(ii) No line i==1,2,3,contains Ÿ› nodesof X.

The remaining two cases,namely the casesp(X)="-- and Í(X) -- 3,arepresentedlater
in Chapter6.

We define Neand setsandpresentsomeknown resultswhich will be usedin the sequel.

Let beann-poisedsetand bea line with enx < Ÿ.We call two maximal linesXÑ,An

(-adjacentif
AnAnee x. (4.3.6)

Next, we introduce the conceptof an (-reduction of aGC,setand (-properGCm subsets.

Definition 4.3.5. Let beaGC,set, beak-node line, k > 2.We say that a set ÂÀis

an @-reductionof X, andbriefly denotethis by if

=X(COUC U...UCs),

where

(i) ®Òis an (-disjoint maximal line of X,or Co is the union of apair of (-adjacentmaximal
linesof X;

(ii) isan (-disjoint maximal line of theGC set ƒ...UC;_1), or C; is the
union of apair of (-adjacentmaximal linesof Ói, i = 1,...s;

(iii) passesthrough at least2 nodesof y.

Definition 4.3.6.Let beaGCn set,( beak-node line, k 2.We saythat the set isan
(-properGCm subsetof if there isaGCm+1set such that

(i) Xey;
(ii) The line ¿ isamaximal line in Ó.

The following result immediately follows from Defnitions 4.3.5and4.3.6.

Definition 4.3.1([7]). Given an n-poisedset anda line (. Then

(i) Xe is the subsetof nodesof which usethe line (;
(ii) Ne isthe subsetof nodesof which do not usethe line and do not lie in (.

It is easyto seethat

XUN=X/e.
Note that the previously mentionedstatementon maximal lines canbe expressed

Xe if l is a maximal line.

Supposethat A isamaximal line of ande A isany line. Then we have that

Let be an n-poisedsetand bea line with enx < We call a maximal
(-disjoint if

ANINX

(4.3.1)

asfollows

(4.3.2)

(4.3.3)

line A

(4.3.4)

Proposition4.3.7.Supposethat is a set. If x and is an (-properGCm
subsetof y then is an (-properGCm subsetof

At the end of Chapter4 we presentasimpleproof of the Gasca-Maeztuconjecturefor the

caseŸ› 4.The Conjecturewasproposedin 1981by GascaandMaeztu [16]. Until now, this
hasbeenconfirmed only for the valuesŸ›< 5. The caseŸ› - 5 wasproven in 2014by Hakopian,
Jetter,and Zimmermann, in [19]. Sofar that isthe only proof for Ÿ› - 5. In addition, it is very
long and complicated.

In Chapter 5we considerthe main resultof the paper[1] by Bayramyanand º. Hakopian,
statingthat any m-node line of GCn setisusedeither by exactly(") nodesor by exactly (n-1)

2
nodes,provided that the Gasca-Maeztuconjectureis true.

Herewe show that this result isnot correct in the casen= 3.Namely, we bring an example
of aGC3setand a3-nodeline therewhich is not usedat all. The proof of the result in [1] is
inductive and basedon the caseŸ› 3. For this reasonwe neededto considera new proof of
the result. Then we were able to establishthat this is the only possiblecounterexample,i.e.,
the abovementioned result istrue for all Ÿ› > 4.

10 11
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Theorem5.1.1([1*]). Assumethat Conjecture4.1.7holds for all degreesup to Let be
a set, > 4, and e bean n-node line. Then we havethat

I (n - 1]Xe - (2) or I 2 )
Moreover,the following hold:

(i) Xe - (") if and only if there is amaximal line such that nenx - Æ.In this case
we havethat Xe ZÒ).Henceit isaGCn-2 set;

(ii) Xe (n-1) if and if there aretwo XÑ, A",= ("2-) only maximal lines such that ¿X.
In this case wehave that Xe=XI((UXU X"). Hence it isaGCn-3set.

We alsocharacterizethe exclusive case n andpresent some newresultson the maximal
linesand the usageof n-node lines in GOn sets.

Proposition5.1.3([1*]). Let be aGO3 setand( be a3-node line. Then we have that

In Chapter6 we considera conjectureproposedin the paper[1] by V. Bayramyanand º.

Hakopian,concerningthe usageof any k-node line in GOn sets,2 < k <Ÿ+ 1.Here wemake

an adjustmentin the formulation of the mentioned conjectureand then prove it. Namely,by
assumingthat the Gasca-Maeztuconjecture is true, we prove that for any GCn set andany
k-node line the following statementholds:
The line ( is not usedatall, or it is usedby exactly(2) nodesof X, where satisfiesthe
conditionk- <<< k,  =n+1- k. If in additionk- > 3 and Í(X) 3 then the first

casehere is excluded,i.e., the line is necessarily ausedline.

In Section6.1, we presentthe characterizationof GCn setsaccordingto the number of
maximal lines, in the casesÍ(X) and - 3.
1. Latticeswith n-- maximal limes.

Let a setM= (11:...,An-1)of n - 1 linesbe in generalposition, 4. Then consider

the lattice definedas
X:=X(2)UX(1)X()

Xe = 3, 1, or Æ.

Moreover, the following hold:

(i) Xe =3 if andonly if there is amaximal line suchthat Anenx - Æ) In this case
we havethat Xe= Henceit is aGCl set.

(ii) Xe = 1if and only if there aretwo maximal linesXÑ, A",such that ¿ In
this casewe havethat Xe - XI((UXUX");

(iii) Xe =0 if andonly if there areexactly threemaximal lines in and they intersect at
three distinct nodes.

Furthermore,if the node set possessesexactly three maximal lines then any 3-node line is
either usedby exactly three nodesor isnot usedatall:

Xe or Æ.

Next, we presentthe following simplebut interestingby itself proposition.

Proposition5.2.2([1*]). Let bea GCnsetand be ann-node line, where 4.Suppose
that thereare nmaximal linespassingthrough n distinct nodesin ¿.Then thereexistsat least
one more maximal line in X.

At the endof Section5.2 wepresentthe following

Corollary 5.2.4([1*]). Assumethat Conjecture4.1.7holdsfor all degreesup to Ÿ› Let be
a GOnsetwith exactly threemaximal lines, where Ÿ›> 4.Then there are exactlythree "--node
lines in andeachof them isusedby exactly(") nodesfrom X.

Remark5.2.5.It is worth mentioning that Corollary 5.2.4is not valid in the caseŸ› 3.
Indeed, the GC3setX* and the 3-node lines(1, (2, and give us acounterexamplefor this.

where X(2) isthe setof all intersectionnodesof these lines,X(1) is asetof other 3(n -- 1)
nodes,three in each line, to make the line maximalandX()) consistsof exactly threenodes,

denotedby 01,02,03,which do not belongto any line from M. Correspondingly,we havethat
- ("2)+3(n-1)+3 (n+2) Note that all the nodesof X(k) belongto exactlyk maximal( 2 ).

linesand are calledkm-nodes,k= 0, 1,22
Denoteby (10, 1 < < 3, the line passingthrough the two 0m-nodes(01,02,03)| (0.).

We call this lines lines. Supposethat X(1) A2, »Ì ¿ 1 <<Ÿ- 1).
The following proposition presentsthe characterizationof GOn setx, in the caseÍ(X) --

Ÿ› 1.

Proposition6.1.1([11), Thm. 3.2). A set is a setwith exactlyŸ› 1 maximal lines

X1,....An_1, where Ÿ› 4, if andonly if, with somepermutation of the indexesof the maximal
linesand 1m-nodes,the representation(6.1.1)holdswith the following additional properties:

(i) X(1) A2, Â
(ii) Eachline - 1,2233passesthrough exactly (n - 2) 1,-nodes(and through two

0m,nndes).Moreover, 1= 1,2233

(iii) The triples (01,A2, A3), (02,Al,A3), (03,Al, A2) arecollinear.

2 Latticeswith 3 maximal lines - generalizedprincipal lattices.

A principal lattice isdefined as anaffine imageof the set

PLn := ((i,j)¿No : < Ÿ).

Let ussetI (0,1,...,+ 1). Observe that the following 3 setof n + 1 lines, namely
i ¿ I), (y==: i ¿ I), and k : ¿ I), intersectat PLn.We have

that PLn is aGCn set. Moreover, the following is the fundamentalpolynomial of the node

12 13
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(io, 00) PLn:

Ô) - II _ ))(y- ))(z+y k),
0<i<io,0<i<io,0<kko

where ko 10 -Jo
Next, in Section6.1, we bring the defnition of the generalizedprincipal lattice due to

Carnicer.GascaandGodes(see[9], [10]):

Definition 6.1.2([10]). A node set is calledageneralizedprincipal lattice,briefly GPLn,
if thereare3 setsof lineseachcontaining lines

e;(X)ie(0,1....my,i = 0, 1,22

such that the 3n + 3 linesaredistinct,

<<i+j+=n
and

X=/Tiik I Tijk :=e(x)ne(x)nelx),0< i, i < n,i+ i +k=n).
Following Theoremis acharacterizationfor GPLn setdue to Carnicer and Godes:

Theorem 6.1.3([10], Thm. 3.6). Assumethat GM Conjectureholds for all degreesup to
- 3.Then the following statements areequivalent:

(i) is generalizedprincipal latticeof degreeŸ;

Proposition6.2.5([6*], (8*]). Let beaGOn setwith and bea k-node line,
k > 2. Assumethat GM Conjectureholdsfor all degreesup to n 3.Then we have that

Xe= or Xe is an(-properGCk-2 subsetof X, hence - (")
Moreover,if k < andXe # then for amaximal line of we have that Ane and

NX = Æ.

For the remaining two maximal lines wehave that ANX -k-
Furthermore, if the line intersectseachmaximal line at a node then

We provide aresult on the presenceand usageof (n - 1)-node lines in GOn setswith

Í(X)="--11

Proposition6.2.6([6*],(8*]).Let be a GCnsetwith p(X) n-1, and bean (n-1)-node
line, where 4. Assumealsothat through eachnodeof there passesexactly onemaximal
line. Then we havethat either Ÿ› 4 or =5. Moreover, in both these cases wehave that

We characterizethe casek- = 2, Í(X) 3.For eachŸ› andk, with k-  2k-n-1 - 2,
we bring two constructionsof GCn setsand anon-usedk-node line in each case.The following

propositionshowsthat these arethe only constructionswith the mentioned property.

Proposition6.4.1((6*], (*]). Let beaGCn setand be ak-node line with k :-
2k-n-1= 2 andÍ(X) 3.Supposethat the line isa non-usedline. Then we have that
either - X*,(=l, or X=)*,

(ii) X isaGCn setwith p(X)= 3.

In Section6.2,we formulate the
myan and º. Hakopian in [1] (Conj.

Theorem6.2.1([6*], [8*]). Let
GM Coniectureholds for all degrees

adjustedversion of the conjectureproposedby V. Bayra-
3.7) as:

beaGOn set,and be ak-node line, k 2. Assumethat
up to n. Then wehave that

Xe or (6.2.1)
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•²¬’ž’•¹˜ ’³’´˜• ¡’¨Ÿ›¡ £—–¯Ÿ›¡ —•’•“–’¶—²ž ¸ £’¯’–’– µ’š¡’••—–
“’–¥Ÿ›¥š’• ¯–’ ž–¯’  Ÿ× ’¯—§˜ ¹’• 2Ÿ+ [n/2]+1 ¦—ž—–˜ £’¤¡Ÿ›¥š’•
©Ÿ›•™’¡—•ž’§ £’¤¡’•™’¡•—–˜ ¯—–§Ÿ› Ÿ›¥š’• ¡’¨˜•: •µ’«Ÿ›«¯Ÿ›¡ °, Ÿ– ’š¨
™—µ¹Ÿ›¡ £’¤¡’•™’¡•—–¢ ¯—– —• §Ÿ› ¯Ÿ›¡ ’³’´˜• ¸ —–¦–Ÿ–™’¨ž˜ª’•˜
’–ž’™–˜×•—–˜ ’–ž’™–š’§˜: ·—–¯Ÿ›¡ ° •’¸ “’¦’•–˜•’¦, Ÿ–¢ «Ÿ›š«° ž’§˜¨, Ÿ–
’¯—§˜ ²’ž ¦—ž—–˜ “’¡’–, ¢•™“’•Ÿ›– ™—µ¹Ÿ›¡,’š™µ˜¨˜ ¯—–§Ÿ› Ÿ›¥šŸ›•×¦’:

•š•Ÿ›“—ž¸ •—–¦’š’«¯Ÿ›¡ —• ’•“–’¶—²ž ¸ £’¯’–’– µ’š¡’••—–
ž’–’ Ÿ›¥š’• ¡—´ ž–¯’  Ÿ×’¯—§˜ ¹’• 3n+1 ¦—ž—–˜ £’¤¡Ÿ›¥š’• -’•¦’¬Ÿ›¥š’•
¸ ©Ÿ›•™’¡—•ž’§ £’¤¡’•™’¡•—–˜ ” ’š˜• ’–ž’™–˜×•—–˜ ¯—–§Ÿ› Ÿ›¥š’•
¯—–’£—–š’§:

‹–¦–Ÿ–™ ¡’¨Ÿ›¡ ™˜ž’–¦¯Ÿ›¡ —• GC, £’¤¡Ÿ›¥šŸ›••—–, ’š¨˜•¹• Ÿ› -ª²”–˜ž
£’¤¡Ÿ›¥šŸ›••—–, Ÿ–ž—œ«’•¦’«’  ¦—ž Ÿ›•˜ ©Ÿ›•™’¡—•ž’§ £’¤¡’•™’¡, Ÿ–¢
” ’š˜• ’–ž’™–˜×•—–˜ (Ÿ›œ˜œ•—–˜) ’–ž’™–š’§ °: •¨Ÿ›¡ —•¹, Ÿ– ¦—ž¢
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+1 ¦—ž—–Ÿ¯:•˜•× ’š¶¡ ¯’–¦’ ¢ ’µ’«Ÿ›«¯’  ° ¡˜’š• n<5 -˜ “’¡’–: •š¨ ¥—¤Ÿ›¡
ž–¯Ÿ›¡ ° ‡’¨¹’-•’—¤¥Ÿ›˜ ¯’–¦’ ˜ µ’–¤ ’µ’«Ÿ›š« n=4™—µ¹˜“’¡’–:

•š•Ÿ›“—ž¸ ¹••’–¦¯Ÿ›¡ ° ‘. ·’š–’¡š’•˜ ¸ €.€’¦Ÿ£š’•˜ ¨ž’«’  ’–™šŸ›•¹¢,
Ÿ–¢ µ•™Ÿ›¡ °, Ÿ– —¥—ª˜²ž ° ‡’¨¹’-•’—¤¥Ÿ›˜ ¯’–¦’ ¢, ’µ’ GCn £’¤¡Ÿ›¥š’•
-¦—ž’•˜ Ÿ›œ˜œ¢•”ž’”Ÿ– ¯Ÿ›¡ ° ¦’¡ ª˜²ž ()) , ¦’¡ ª˜²ž ¦—ž—–˜ ¦Ÿœ¡˜«:
•µ’«Ÿ›«¯Ÿ›¡ °, Ÿ– ’š¨ µ•™Ÿ›¡¢ ª˜²ž ×°n=3-˜ “’¡’–: ·—–¯Ÿ›¡ ° GC, £’¤¡Ÿ›¥š’•
¸ •–’•Ÿ›¡ 3 -¦—ž’•Ÿ« Ÿ›œœ•̃–˜•’¦, Ÿ–¢ ×˜ •”ž’”Ÿ– ¯Ÿ›¡ Ÿ–¸° ¦—ž˜ ¦Ÿœ¡˜«:
•µ’«Ÿ›«¯Ÿ›¡ °, Ÿ– ¨’ ¡˜’¦ “•’–’¯Ÿ– “’¦’•–˜•’¦• ° ¸ ¯—–¢•²¯’  µ•™Ÿ›¡¢ ª˜²ž
° n>4™—µ¹Ÿ›¡:

•š•Ÿ›“—ž¸, ¦’ž’–—§Ÿ¯ Ÿ–Ÿ² ª²”–žŸ›¡ Ø¸’¦—–µ¡’• ¡—´, ’µ’«Ÿ›«¯Ÿ›¡ ° ‘.
·’š–’¡š’•˜ ¸ €.€’¦Ÿ£š’•˜ ¦Ÿœ¡˜« ’³’´’™–¯’  ¯’–¦’ ¢: •š• °¾—•¥’™–—§Ÿ¯,Ÿ–
‡’¨¹’-•’—¤¥Ÿ›˜ ¯’–¦’ ¢ ª˜²ž °, ’µ’«Ÿ›«¯Ÿ›¡ °, Ÿ– GC,£’¤¡Ÿ›¥š’• ¡—´ k
-¦—ž’•Ÿ« I Ÿ›œ˜œ¢¦’¡ ×˜ •”ž’”Ÿ– ¯Ÿ›¡ ¢•™“’•–’µ—¨ ¦’¡ •”ž’”Ÿ– ¯Ÿ›¡ ° ª˜²ž
(2) ¦—ž—–˜ ¦Ÿœ¡˜«, Ÿ–ž—œž ¢ £’¯’–’–Ÿ›¡ ° k-  <skµ’š¡’•˜• ¸ =n+1-k:
¼Ÿ›š«° ž–¯Ÿ›¡, Ÿ– X-Ÿ›¡ 1-¢ •”ž’”Ÿ– Ÿœ ¦—ž—–˜ —•¥’£’¤¡Ÿ›¥šŸ›•¢ ¦’¤¡Ÿ›¡ ° GC
£’¤¡Ÿ›¥šŸ›•, —¥—’š• ™’ž’–¦ ×°:•µ’«Ÿ›«¯Ÿ›¡ ° •’¸, Ÿ– ¯—–¢•²¯’  ’³’´˜•
™—µ¹¢£’«’³¯Ÿ›¡ °, ’š¨˜•¹• Ÿ›œ˜œ¢’•µ’š¡’• •”ž’”Ÿ– ¯Ÿœ °, —–£k-8>3 ¸
Í (X) > 3 :•š¨ž—œ Í(X)-¢ X-˜ ¡’¹¨˜¡’§ Ÿ›œ˜œ•—–¹̃’•’¦• °:

‘—–´Ÿ›¡ £•Ÿ›¥’”–¯Ÿ›¡ —•GC,£’¤¡Ÿ›¥šŸ›••—–˜ ’š• ¦Ÿ•¨ž–Ÿ›¦«˜’•—–¢, Ÿ–ž—œ
¦’ k ¦—ž’•Ÿ« ×•”ž’”Ÿ– ¯Ÿœ Ÿ›œ˜œ,—–£k-8=2 ¸ Í(X) 3:

ÙÁËÊÚÛ¿ÜÍ¿
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ÙÁÈ¿ÐÞÁÚÈÂâÜ¿ÒÃÀÒÞÍÐã¿Í ÞÒÂÈÁÈÒÛÜã¿ÔÂÊÒÝÍâÞÊâ Å-Ü¿ÌÁÝÍÂÍÐÒÂÈÍÍ
æÁËÈÒßÍÌÁàÍÍæÔÜÞÁÐ¿ÜÈÁÊçÜãÀÐÜÒåÒÛÊ¿ÜÒÝÞÊâÐÜÒè¿ÂÈÝÁÂÜ¿ÃÒÊ¿¿,Û¿Ð 3n+1
ÈÒÛËÁÐÍ,ÌÁÞÁÜÜãÐÍÝÅßÒÂÈßÁÜÂÈÝ¿.

ÇÒÝÈÒßÒáÛÁÂÈÍßÁÃÒÈãßÁÂÂÐÁÈßÍÝÁÚÈÂâGCn ÐÜÒè¿ÂÈÝÁ,T. ¿. Ÿ› -ËÒßß¿ËÈÜã¿
ÐÜÒè¿ÂÈÝÁ,ÝËÒÈÒßãÀËÁèÞÁâÈÒÛËÁÍÐ¿¿ÈæÔÜÞÁÐ¿ÜÈÁÊçÜãáÐÜÒåÒÛÊ¿Ü,âÝÊâÚäÍáÂâ

ÅßÒÍÌÝ¿Þ¿ÜÍ¿ÐÊÍÜ¿áÜãÀÐÜÒèÍÈ¿Ê¿á.®ËÁè¿Ð,ÛÈÒÈÒÛËÁA ÍÂÅÒÊçÌÔ¿ÈÅßâÐÔÚI, ¿ÂÊÍ

ÅÒÂÊ¿ÞÜâââÝÊâ¿ÈÂâÐÜÒèÍÈ¿Ê¿Ð Ý æÔÜÞÁÐ¿ÜÈÁÊçÜÒÐÐÜÒåÒÛÊ¿Ü¿ÈÒÛËÍ A.
ÉÁÂÂÐÁÈßÍÝÁ¿ÈÂâåÍÅÒÈ¿ÌÁìÁÂËÁ-ÕÁêÌÈÔ,ÂÒåÊÁÂÜÒËÒÈÒßÒáÊÚÃÒ¿GCn ÐÜÒè¿ÂÈÝÒÍÐ¿¿È

ÐÁËÂÍÐÁÊçÜÔÚÅßâÐÔÚ,È.¿.ÅßâÐÔÚ,ÅßÒÀÒÞâäÔÚÛ¿ß¿Ìn+1 ÈÒÛËÔÐÜÒè¿ÂÈÝÁ.éÒ ÂÍÀ ÅÒß

êÈÁåÍÅÒÈ¿ÌÁÞÒËÁÌÁÜÁÈÒÊçËÒÞÊân<5. ßÁÃÒÈ¿Åß¿ÞÂÈÁÝÊâ¿ÈÂâÅßÒÂÈÒ¿ÞÒËÁÌÁÈ¿ÊçÂÈÝÒ
åÍÅÒÈ¿ÌãìÁÂËÁ-ÕÁêÌÈÔÞÊâÂÊÔÛÁân=4.

éÁÊ¿¿ÒÃÂÔèÞÁ¿ÈÂâß¿ÌÔÊçÈÁÈ,ÔÂÈÁÜÒÝÊ¿ÜÜãáÝ.íÁáßÁÐâÜÒÐÍ A. »ËÒÅâÜÒÐ,Ý

ËÒÈÒßÒÐÔÈÝ¿ßèÞÁ¿ÈÂâ,ÛÈÒÝÂÊÔÛÁ¿,¿ÂÊÍåÍÅÒÈ¿ÌÁìÁÂËÁ-ÕÁêÌÈÔÝ¿ßÜÁ,ÈÒÅ-ÈÒÛ¿ÛÜÁâ

ÅßâÐÁâÝÐÜÒè¿ÂÈÝ¿GCn ÍÂÅÒÊçÌÔ¿ÈÂâÊÍÃÒÈÒÛÜÒ(2) ÈÒÛËÁÐÍ,ÊÍÃÒ ÈÒÛÜÒ ÈÒÛËÁÐÍ.
éÒËÁÌãÝÁÈÂâ,ÛÈÒêÈÒÔÈÝ¿ßèÞ¿ÜÍ¿Ü¿Ý¿ßÜÒÅßÍ n=3.ÄßÍÝÒÞÍÈÂâÅßÍÐ¿ß ÐÜÒè¿ÂÈÝÁ
GC3 Í 3 -ÈÒÛ¿ÛÜÒáÅßâÐÒá, ËÒÈÒßÁâÜ¿ ÍÂÅÒÊçÌÔ¿ÈÂâÜÍËÁËÒá ÈÒÛËÒá.ÙÁÈ¿Ð

ÞÒËÁÌãÝÁ¿ÈÂâ,ÛÈÒêÈÒ¿ÞÍÜÂÈÝ¿ÜÜãáÝÒÌÐÒèÜãáËÒÜÈßÅßÍÐ¿ß,Í ÛÈÒÅßÍÝ¿Þ¿ÜÜÒ¿Ýãë¿
ÔÈÝ¿ßèÞ¿ÜÍ¿Ý¿ßÜÒÝÂÊÔÛÁ¿n>4.

éÁÊ¿¿,ÝÜÒÂâÜ¿ËÒÈÒßÔÚËÒßß¿ËÈÍßÒÝËÔÝæÒßÐÔÊÍßÒÝËÔ,ÞÒËÁÌãÝÁ¿ÈÂâåÍÅÒÈ¿ÌÁ,
ÅÒÂÈÁÝÊ¿ÜÜÁâÝ. íÁáßÁÐâÜÒÐÍ A. »ËÒÅâÜÒÐ.A ÍÐ¿ÜÜÒ,Åß¿ÞÅÒÊÁåÁâ,ÛÈÒåÍÅÒÈ¿ÌÁ
ìÁÂËÁ-ÕÁêÌÈÔÝ¿ßÜÁ,ÞÒËÁÌãÝÁ¿ÈÂâ,ÛÈÒÞÊâGCn ÐÜÒè¿ÂÈÝÁ Ë-ÈÒÛ¿ÛÜÁâÅßâÐÁâI Ü¿

ÍÂÅÒÊçÌÔ¿ÈÂâÝÒÒÃä¿ÍÊÍ ÍÂÅÒÊçÌÔ¿ÈÂâÈÒÛÜÒ(2) ÈÒÛËÁÐÍ,åÞ¿sÔÞÒÝÊ¿ÈÝÒßâ¿ÈÔÂÊÒÝÍÚ

k-8<sk Í  =n+1-k. ÄÒËÁÌãÝÁ¿ÈÂâ,ÛÈÒÝãë¿ÔËÁÌÁÜÜãáÅ¿ßÝãá ÂÊÔÛÁá
ÍÂËÊÚÛÁ¿ÈÂâ,T. ¿.ÅßâÐÁâI ÒÃâÌÁÈ¿ÊçÜÒÍÂÅÒÊçÌÔ¿ÈÂâ,¿ÂÊÍ k-8>3 Í Í(X)>>3 ÙÞ¿Âç
Í(X) ÒÌÜÁÛÁ¿ÈËÒÊÍÛ¿ÂÈÝÒÐÁËÂÍÐÁÊçÜãÀÅßâÐãÀ Ý X. ÏÁËè¿ ÞÒËÁÌãÝÁ¿ÈÂâ,ÛÈÒ
ÅÒÞÐÜÒè¿ÂÈÝÒÈÒÛ¿ËÝ X, ÍÂÅÒÊçÌÔÚäÍÀÅßâÐÔÚI, âÝÊâ¿ÈÂâÐÜÒè¿ÂÈÝÒÐGC,¿ÂÊÍÒÜÒ

Ü¿ÅÔÂÈÒ¿.
Ý ËÒÜà¿ßÁÃÒÈãÀÁßÁËÈ¿ßÍÌÔÚÈÂâËÒÜÂÈßÔËàÍÍÐÜÒè¿ÂÈÝGCn , ÂÒÞ¿ßèÁäÍ¿

Ë-ÈÒÛ¿ÛÜÔÚÅßâÐÔÚ,ËÒÈÒßÁâÜ¿ÍÂÅÒÊçÌÔ¿ÈÂâÜÍËÁËÒáÈÒÛËÒá,åÞ¿k- =2 Í Í(X)>>3.
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