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: AABF- 00/

Obmas xapakrepucTuka paboThl

AxkryanbHocTh Tembl. [llMpoxo u3BecTen wensiil ps aKCHOMATH-
UECKH 3aJ@HHBIX CTPYKTYp (TpyImsl, KONbLA, ITOMS, KATETOPHH W T.J1.),
KOTOPHIE MMEFOT MHOTOYHCIICHHBIC PUMEHECHHS HE TOIBKO B MATEMATHKE,
HO M B JApyrux ofnacrax Haykd (B ¢u3Mke, B MaTeMaTHUECKOR
OBECHEeYEHHH BBIYMCIHTENPHONM TEXHHUKH, B KpucTannorpaduu u T.1.). B
TO JX€ BpEMA CYIIECTBYIOT MAJIOM3BECTHBIE B INHPOKHX Kpyrax
CHENHATHCTOB aKCHOMATHUECKH 3aJaHHBIE CTPYKTYPHL, POIIb KOTOPHIX, TEM
HE MCHEE, IPOABIISIET TEHACHIHMIO K BO3PACTAHUIO.

Juccepraiys DOCBSINEGHA NPHUMEHCHHIO [ABYX TaKuWX CTPYKTYpP B
TEOPHH MOAENEH '~ W B KaTEropHOMU anre6pe3). 310 cTpykrypsr HSI-
anreOpel M TIOYMTH-KONBLA, KOTOPhIC, B OTIHYHE OT BHILICYKA3AHHBIX
CTPYKTYp, HIHPOKO HE HCCHeAOBaHCh. Mexay Tem, Hanpumep, Kak
HOOAYEPKHYTO B, MOHATHE MOYTU-KONBUA SBISCTCA CTONB  JKE
€CTECTBEHHBIM O0BEKTOM H3YyUECHHMs, KaK H MHOro 0omee y3koe MOHATHE
ACCOLMATHBHOTO KOJIBIIA.

HSI-anrebpsr - 3170 Mogenn cucremsi «high school identities» (kpatko
HSI), xoropas BBenena Tapckum B 1960-x romax. Oma cocromT H3
OCHOBHBIX TOXZAECTB LS CJIOKECHHSI, YMHOXKCHHS H BO3BEJACHHS B CTEHEHD
LENBIX MONOXKHTENbHBIX srcel N (eMm. cTp. 7).

A. Tapcknfl nocTaBI Bopoc o ToM, Kax/as jau HSI-anrebpa yaos-
JIETBOPsIET BCeM HMEOIHAM MecTo B anrespe N, ToX/IecTBaM (HHaYe roBOpS,
OBpasyloT IIH BbINIEyKa3aHHble OCHOBHBIE TOX/AECTBA BasHC IS BCeX
TOXIECTB CHTHATYPBI <1,+,~,T>, aMeomux Mecto B N (cMm. Hanp.s)).
OtpHnarenbHbli OTBET Ha 9TOT Bompoc jan Bmoxm (Wilkie 9, 1980),

D Keficnep I'. /Ix., Usn Y. U., Teopus moneneit, Mocksa 1977.
) Posmicon A., BBesenre B TeOpHIO MoJjelieff H B MeTaMaTeMaTHKY
airespbl, Mocksa 1967.
3 Pareigis B., Categories and Functors, N.Y., Acad. Press, 1970.
4 Kypowr A. I"., Obmas anrebpa. Jlekunn 1969-1970 yaeGHoro roaa,
Mocksa 1974.

%) Henkin L., The Logic of Equality, Amer. Math. Monthly 84 (1977),
597-612.
® Wilkie A. J., On Exponentiation - a Solution to Tarski's High
School Algebra Problem, Preprint, Oxford University, 1980.
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IOCTPOMB TOXIECTBO ainrepbl N, HE BbIBOAHMOE H3 CHCTCMBI HSIL.
I'ypesuu  (Gurevi 7 1985) man Gonee MPOCTOE PEHICHHC 3aj4auu
Tapckoro, —TIpHBelss —UpEMep  59-3MEMEHTHOH HSI-anreOpsr, l:)C
yaoBieTBOpsrowell ToxaecTsy Buixa. bappuc 1 Jlu (Burris, Lee ™,
1992), a sarem /Dxekcon (Jackson 9), 1996) mocTpoWIn HPHMEPDI TaKHX
HSI-anrebp ¢ wmempmmM umcioM onementoB. locie atoro  Berai
ecTCCTBeHHBIH Bompoc © ToM, Kakde HSI-aareGpel ¢ MalbiM  UHCIOM
NEMEHTOB YIORIETBOPAIOT BeeM ToXAecTsam airespbl N. llpocr;zﬂnme
geTpuBHabEbie HSI-aareOphl cosepxar JBa INEMEHTA. Hssectio ", uto
cymectsylor msath HSl-anrebp, cocToAmux H3 ABYX SJICMEHTOB. /lpe w3
HAX, SBISSACH (paKTOpH3aIEAMH amespbl N,  YAOBIETBOPAIOT BCCM
toxectBaM anrespsl N. Bompoc o BRIIOTHAMOCTH BCEX TOKACCTH AJINCHPhI
N B OCTANbHBIX TpeX JABYX3JIEMEHTHBIX anrebpax (8), Problem 2) B
HACTOsIIEe BpeMA OCTAacTCst OTKPBIThIM. Cpein OTHX JBYXONEMCHTHBIX
anreGp ONpe/eeHHbI HHTEpEC ¢ KHBEPHETHUCCKO TOUKH 3pCHHA
npeictaBisger anrespa M ¢ HOCHTENEM {0,1}, rme onepanus -+
HHTEPIPETAPYETCs KaK JM3BIOHKIHA, * - KAK KOHBIOHKIHS, T - Kak npoek-
THpyomasg yHKIHs (TO €CTh xTy=x).

[MourH-KonbIa Hayanuch u3yuarses B 1930-x rogax. IMouru-komeuo -
510 anreGpa ¢ AByms OMHADHBIMH ONEPALMAMH - CIOKCHAT H
YMHOMKEHHS,  SIBISIOMAACS — TPYNIOH  OTHOCHTCILHO AU THBHOH
ONCpanHy, TOTYTPYIIIOH OTHOCHTENBHO MYIbTHIIMKATHBHOH ONCpalHy
H yIOBIETBOPSIOMAs IPABOMY PACIPEACIUTCILHOMY 3aKOHY.

[MouyTH-KONbIa IPAMEHSIOTCS TPH PEICHUM 3aJa4K CYLICCTBOBAHMSL
Tak HA3HIBACMOIO HEHACHEJACTBCHHOrO MoHOMOppuama (T0  ecTh
MoHOMOpGH3Ma ¢ HEMOHHUHBIM OCHOBAHMEM) B KATErOpMM Trpymn Hax
abcTpaxTHOl Kateropued. M3BECTHO, UTO IPYNINOBBIC CTPYKTYPEI MOXKHO
BBOAMTH HE TONBKO HA MHOXKECTBAX, HO M Ha 6onee CHOKHBIX
MaTeMaTH4eCKuX 00bekTax. Tak, Hajmaras TpymmoBYIO CTPYKTYpy Ha

7 Gurevi¢ R., Equational Theory of Positive Numbers with
Exponentiation, Proc. Amer. Math. Soc. 94 (1985), 135-141.

% Burris S.,Lee S..Small Models of the High School Identities, Inter-
national Journal of Algebra and Computation,Vol.2, No.2 (1992),139-178.

9 Jackson M. G., A Note on HSI-algebras and Counterexamples to
Wilkie's Identity, Algebra Universalis, 36 (1996), 528-535.
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anrebpaM4eckue MHOrooOpasus, IONYHarOT COOTBETCTBCHHO HOHATHS
HENpPEPBIBHOW Ipynnsl, rpynnel Jlu, anrebpanueckoii rpynner. Msyuenue
OTHX OOBCKTOB HpPHBETO K (HOPMHPOBAHMIO HOBBIX MATCMATHYCCKHX
TeopuH (cM. Hamp. Ryt 12’). OTH TCOPHH, OTIHYASACH OTIPENENCHHBIM
CBOcOOpasueM, — OOYCNOBNEHHBIM — OCOOEHHOCTAMM  Pa3HEIX  OCHOB
PYNIOBOH CTPYKTYPhI, MMCIOT TAkuKe MHOTO 06mux wepr. Onpencicnue
TPYNIOBOH CTPYKTYPhl Ha KOHKPETHBIX MATEMaTHUYCCKHX O0BEKTax
obobm@aercs Ha OOBEKTHI NPOM3BONBHON aGCTPAKTHOH KaTCrOpUm b
Hackonbko Ham W3BECTHO, KATErOpHbIE TIPYONE HE MOABEPTailHCh
CHCTEMATH4YCCKOMY H3y4eHHMI0O. B To ke Bpems, HaumHas cC
ocHoBomonararomux pabor Jlosepa 51" 15), HMHTCHCHBHO H3y4a/dCh TaK
HA3BIBACMbIC ANreOPAUYECKHE KATCTOPHA, O0BEKTHI KOTOPHIX CHAOKESHBI
o0mHEMH  anrebpanuecKuMH  CTPYKTYPaMH, YaCTHBIM BHAOM KOTOPBIX
ABNIAETCS IPYIIIOBAS CTPYKTYpA.

He Bce pesynbrathl obbIuHOM (TE€OPETHKO-MHOXECTBEHHOH) alTeBphI
COXpaBsIOTCs B KaTeropHo# ainrespe. Tak, H3BECTHO UTO IS MOHAYHOCTH
roMOMOpH3Ma  TEOPETHKO-MHOXECTBCHHBIX ~ IPYIl  HEOBXOAHMO H
JOCTATOYHO, YTOBbI B OCHOBAHHH I'OMOMOP(H3MA JEXAJ0 HHBEKTHBHOE
OTOBpaXeHHe MHOXECTB. DTOT pe3yibTaT He COXpaHSercs B KaTeropHO#
TCOPHH IPYIIL, UOSBISIOTCA HEHACHEACTBEHHbIC MOHOMOP(H3MBI KaTe-
TOPHBIX Ipynn. EcTecTBeHHBIM OBpa3soM BO3HHMKAeT 3aJayva: HCCHeL0BATh
YCJIOBHA CYIIECTBOBAHHS HEHACNE/CTBEHHBIX MOHOMOP(H3MOB B CTPYK-
TypaX YKa3aHHBIX THIIOB.

Lo [ourpsarun JI. C., Henpepsiasie rpynmsr, Mocksa 1973.
:;) Hlesanne K., Teopus rpynm Jiu, Mocksa 1958.
) Xambpu Jlx., Jlunciinsie anrebpauacckue rpynnsi, Mocksa 1958.
13) Mac Lane S., Categories for Working Mathematician, Springer-
Verlag, 1971.
14) Lawvere F. W., Functional Semantics of Algebraic Theories, Proc.
Nat. Acad. Sci., 52 (1963), 869-872.
) Lawvere F. W., Algebraic Theories, Algebraic Categories, and

Algebraic Functors, Symposium on the theory of Models; North-Holland
Publ. Co., Amsterdam (1965), 413-418.




O6BeKTOM HCCIeJOBAHAS SBISIOTCH apUPMETHICCKUE TOXKACCTBA
CUTHATYPBI <1,+,-,T> A MOHOMOP (pH3MBI IPYTITIOBbIX KaTETOPHH.

Ileas paborei. MccnenoBanue apu(METHIECKUX TOXKACCTB B JBYX-
snementapix  HSI-anrebpax. Iloctpoenne H H3YUCHHE KaTeropus ¢
HEHACTIEACTBEHHEIMA MOHOMOppu3MaMu B COOTBETCBYIOMICH KaTCropuH
IpyII, B YACTHOCTH, OCHOBBIBASICH Ha HOHATHH NOUTH-KOIBIA.

MeTtonsl ucciaenoBanuii. [IpUMEHAIOTCA METO/bI MaTeMaTHYCCKOH
JIOTHKH, a TaKXe anreOpandecKHe METOLbI TCOPHH KaTeropui.

Hayunast HosH3Ha. Bce monydeHHBIC B JAHCCCPTAlHH pesynbTaThl
SBJIAOTCS HOBBIMH.

TeopeTnueckasi H NPaKTHYECKas 3HAYHUMOCTD. [Mony4eHHBIC
pe3y/TbTATHL M TIPUMEHCHHBIC METOABI MOTYT OBITH MCIONB30BAHBI B
TeOpHH MOZENeH, B YACTHOCTH MpPH HCC/ICA0BAHIH HSI-anrebp m B Kare-
TOPHOH aJreBpe.

Ha 3amuTy BbIHOCATCS

- TEOpEMBI, BHPAKAKOMME AOCTATOUHBIC yCIOBHA JULL BBINOJHUMOCTH

B ajrespe M BCEX TOXKAECTB CHIHATY PbI <14, >, uMeromux MecTo B

anredpe N.

- TCOpEMBI CYLIECTBOBAHHSA M ONMHCAHHA KaTeropuii ¢ HEHACIC/ACTBEH-

HBIMH MOHOMOP(H3MaMH B COOTBETCTBYIOMICH KaTeropHu rpym.

Anpobauus paborel. Pesynbrarsl AuCCCPTALIH JIOKITa/IbIBAJIUCE HA
rommasoi kondeperuun Epesanckoro Ioc. Yuusepeurera (1997 r.), Ha
cemuuape Kadeapst «AnreOpel u reOMeTpHI) MaremaTuieckoro daxyib-
tera EI'Y (cenrsops, 2000 r.), Ha ceMUHApe CEXTOPA «MareMaTHICCKOR
OTMKH H aBTOMATH3ALAA JOFHYECKOro BhiBoaay Mucruryra npobieM uH-
dopMaTHKH H ABTOMATH3ALEAN HAH PA (anpens, 2001 r.), ma VIII Mex-
JyHAPOIHOM KOJUTOKBHYME 110 YMCIICHHOMY aHajsy H BHIYHMCITH-TETBHOM
vartemartake ¢ npunoxenmsvu (Tltosaus, borrapus, asrycr, 2000 r.), va
VIII MexayBapoAHOM KOH(EPCHIMH CTYACHTOB H ACNMPaHTOB 110
dyHAamMeHTATBHBIM HAyKaM (Mocksa, MI'Y, anpens, 2001 B

[ly6amcaunn. OCHOBHBIC pe3ynbTaThi MO  TEME JHECCepTaln
onyOnuKoBaBk! B paboTax [1]-[4].

Crpyktypa u 00bem paGorer.  Jluccepraums  COCTOMT M3
OpEAMCIOBHd, JABYX THaB M Gubnmorpadum,  coxepxameii 39
HauMmeHoBanwWi. [lepBas rinaga COCTOMT U3 UETHIPEX naparpados, a BTopas
— w3 mecty. JEccepTaLys COAEPIKAT 65 CTPaHHLL
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KPATKOE COONEPXAHHWE NJUCCEPTALUU

B npeaucnoBuE 0OOOCHOBBIBACTCS aKTYaTbHOCTE HCCIEAOBAHHSA U
(opMyIHpYIOTCS OCHOBHBIE PE3YIIbTATHI, IONYYCHHEBIC B JUCCEPTALHH.

Bo BBE/ICHHH NEPBOM TIIaBhl JACTCd HCTOPHYECKHH 0030p
xacarommics cucrembl HSI u cmexnnrx Bonpocos. Cucrema HSI cocrom';
M3 OJMHAALATA TOXKACCTB:

(T1) xt+y=y+x (T7) ' 1*=1
(T2) (xty)ytz=x+(y+z) (T8) - x'=x
(T3) x1=x (19) & fex¥x®

(T4) xy=yx
(T5) (xy) z=x (y'2)
(T6) x (ytz)=xy+xz

(T10) (xy)'=x"y*
(T11) (Niex’?

Monenu cucremsr HSI massisatorcs HSI-anreGpamu.

CraggaprasiM mpumepoM HSI-anreOpwi gBnserca anrebpa memsix
TIONOKUTeNbHBIX urcent N=<N, 1.+, -, T> (rme a T b ozrauaer a").

Uepes M osposHauaercs: asyxaneMenTHast HSI-anrebpa ¢ HOCHTENMEM
{0,1} u c onepan@saMu ONPEACTCHHBIMA CIICAYIOIIAMH TaONIAIaMA:

+]1 011 vl L. 5 Pdee @l 1
01011 010]0 010
) 9 i T 0 | L Sk 3 Lot iLat 1

B rmase | amccepranpm HCCHeNyeTcs 3ajava: YAOBIETBOpSET JIH
anrespa M BceM ToXaecTBaM ajirespbl N.

OcHoBHOR pe3ynpraT ycTaHaBIHBaeMbif B M1, dopmympyercs
CIELYIOIMHAM OBPa3oM.

Teopema 1.42 . Ecau mmoxcecmeo npocmeix uucen Depma
beckoneuno, mo 2-anemenmuasn HSI-ancebpa M yooenemeopsiem ecem
mooicoecmeam aneebpor N .

HaIIOMHHM, YTO IPOCTOC YHCIIO HA3BIBACTCSA IMPOCTHIM YHCIOM (I>epMa,

*
)
Teopema X.y.Z (aHAJTOTHUHO B CIIydae JIEMMbI, OTPEACIICHAN | T. 1L.)

O3HOYaeT TeopeMy z maparpacpa y 1[iIaBel X. B ToM ciyuae xorxa B
naparpade TONbKO OJ[Ha TeopeMa, OHA B JACCEPTAllHH HE HyMEpPYyeTCs.
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eciii OHO MeeT BHA 2°+ 1.

B zokasarensctse Teopembl 1.4.2, IMIaBHYIO pOiib UMEKOT MHOKECTBO
TEPMOB /' ¥ HaTypaIbHbBIE YUCTA 4; , BBEACHHBIC B §2.

Onpenenenne 1.2.1. Mrnoocecmeo mepmoe F  onpedersiemcs
UHOYKIMUBHO.

a) 1eF,

0) ecnu uy uy €F, mo wi+ Uy, Uy U, Uy"2, Uy+X;, U 1€ F.

6) mHnodxcecmeo F  codepicum monbKo me mepmbl, KOMOpble
onpeoensiomes NYHKmMamu a) u 6).

Tepmsl 13 F MOTYT COACPIKATH TOIBKO OJHO MICPEMEHHOE — X).

ITycts / - MHOXECTBO LEMBIX MONOXHTCIBHBIX YHCEN [ | YAOBIETEO-
PSOEX CNeLYIIEMY YCIOBHIO: €CITH P NPOCTOH JAETHTEND YHCNIa [, TO p-
1 menmr [ . Ilycrs, panee, A; HanOONBIIEE A3 YHCEN @y, ..., 0 B PA3IOKEHHA
I=p,"\...p,"" Ha NPOCTEIE MHOXHTEIIH.

B YCTaHOBJIEHO, UTO UL YHeha [ € 1, OAHO3HAYHO OlpeIesisieTcs
KOHI'pY9HIHS anrespsl N,oToX AecTBiIgiomas [ +4; ¢ 4;. CooTBeTCTBYIOmAA
hakTopanrespa opo3HauaeTcs uepes N ;.

JloKa3pIBaeTCA,uTo TS JAHHOTO YHCTa [€ ], CyINecTBYIOT TepMbl UE F,
JUTS KOTOPBIX

w() =1, M
N

rae u %' cooTBeTCTBYIOMAN TEPMY U PyHKUMs B anredpe N, .

MHOKECTBO BCEX TEPMOB U € F, YAOBACTBOPSAIOMWHUX yCIoBHIO (1),
obo3navaercs yepes S .

[Tycte p(u) - kOMUHECTBO PYHKIMOHATEHBIX OYKB TepMa u.

Teneps w; onpexensercs no gopmyne

w=min{ p(u): ue S}

Kax MHOXeCTBa §;, TaK ¥ HATYPAIBHBIC YHCIA 4 ONPEACIICHEI TIpH [€ .

Ormernm, uto ams mroboro umena [ € [ moxHO 3bdexruBHO
BBIYHCIIUTE YHCIIO ] .

5 i IIONTy4EH KIAcC TOXKACCTB, BHIBOAUMBIX W3 cucreMsr HSI, u,

'Y Henson C. W., Rubel L. A., Some Applications of Nevanlinna
Theory to Mathematical Logic: Identities of Exponential Functions, Trans.
Amer. Math. Soc., 282 (1984), 1-32.

CICA0BATCIIbHO, MICTUHHBIX B M. CHeIly}OIIIaH TECOpPEMaA AaCT BO3MOXKHOCTH
noJay4vaTb KJIacChl TOXKACCTB, HCTHHHBIX B M.

Teopema 1.2.1.7Tycms lel. Tozoa 2-snemenmnasn anzebpa M yooenem-
sopsiem 6cem mem mocoecmeam u=v anrzebpuer N, 0ns komopwix p(u)< p
PV)< .

Caneacreue 1.2.1. Ecau muoxncecmeo uucen py (I€1) 6eckoneurno, mo
anzebpa M yooeremeopsem eécem mosicoecmeam arze6por N.

B §3 mccmenyercs KOHCTPYKIMS MOCIEA0BATCIBHOCTH YHCET 4 , W, B
YACTHOCTH, JOKa3bIBAeTCA HCOOXOAMMOE M JOCTATOYHOE VCIOBHE IA
OrpaHHYEHHOCTH 3TOH NOCNe0BaTENbHOCTH (Mpeamoxkenne 1.3.3).

Ilycrh n-mauMeHbIIee YMCIO H3 MHOXECTBA /, KPATHOE AHHOMY HATY-
panbHOMY 9HCHy 7. B auccepTaiya npuBOAMTCS anropuT™ MO3BOMIAIOMMN
BBIYHCITHTH .

Ipeanoxenne 1.3.3. Muoowcecmeo uucen w, (I€1) koneuno mozda u
moabko mozoda, koz0a cywecmeyem mepm u€F makoil, umo p oeium

N s
u ( p, ona nobo2o NPocmozo wucia p.
B §4 ycranaBmmaBaeTCH CBA3L MEXK/Y YHCIAMH £; ¥ TIPOCTHIMHU THCIAMMI
®epma (Teopema 1.4.1), KoTopasi clieAyeT M3 HEXKCIPHBOAAMORN JIEMMBI
1.4.1.

Onpenenenne 1.4.1. /[na mepma ueF undyxmueno onpedensemcs
A
KOHEYHOEe MHOJCECMEo U nap yenvix vucen (a,b), 2oe a >0, b > 0:

1) ecruu% 1, (3Har % 03Hauaem coenadeHue cioe), mo /12={( Y,
A

u ={(0,1),(L,1)},
2) ecruus uy *up (20e * - 00UH U3 CUMBON0B +,°), MO U ecmb
MHONHCECE0 6cex nap euda (G * @y, by *by), 20e (a;, b;) € (i =1,2),
3) ecruu & ul"z, Mo MHONCECMBO T COCmOoum u3 nap (a2, b;"2)
(mpu a;# 0 unu a#0) u (0, b)), 2o0e (a;,b;) € 0;(i=1,2).

Jemma 1.4.1. Ilyemwv yenvie nonoxcumenvuvie yucida. § U R
Y0061eMEOPAIOM CAeOYIOUWUM YCA08UsIM. Yucio 2°+1 npocmoe, u a<2’,
b<2’ ona m06oii napet (a,b) € KL

uceF,p(u)<n

A AN
ecnu U S uy+Xx, mo U = Uy, eciu u = ul‘I, mo

A v
u. Tozoa ons kaxcoozo

mepma u€ F yoosnemeopaioujezo ycnoguio p(u)< n, umeem mecmo
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