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Uinbbwfununipjwl phidwt hwunwnyb) £ Gplautih whnwljwb hwdwuwpotng:

Shunwlwh nbljwdwp’
$hq. dwp. ghun. nnlpnnp U, U. 2nipwpjwts

NMupnntwlwl pinnhdwfunutibp’
$hg. dwp. ghw. nnluinp £ U. Mnnnuywt
$hg. dwp. ghin. phljuwdnt U. U, Uwjwnwu

Unwowwnwp Yuqiwlbpynipynit’ Minw-Cugyuljwt hwiwuwpwl

Mugnywinnitp Yuywbwine £ 2021 p. hnithuh 22-ht, dwdp 15:00-ht, 5MNnul

qnpdnn PNY4-h 050 «Vwpbdwwnhlw» dwulwghnwlwl funphpnh Uhunn, hbnlyu
hwugbing® Gpluwu, 0025, Ujbp Uwbinilyjwl 1:

Uwnblwfununpuip  Yupbih £ dwbnpwbuy  Gplwbp  atowlut hwdwuwpwih
qpunwnwbnd:

Ubndwqghpl wnwpywd k2021 p, dujhup 13-hl:

Vwutwghwnwlwt funphpnh ghunwlwl pupunuwp’
$ha. dwp. ghn. nnlnnp S. L. wipnip)nityjwl

At
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Uinbuwjununipyui pinhwunip bljwpwghpp

Unyu  wnbbwlununigniungd nuwnwbwuppgwsd  GU nwppbp  wpwidwpwlwlwl
hwdwlwpgbph npnawlh pwbwlwlwu b npwjwlw hwwnlnipjniiubipp:

Rtdwh wpphwlwumpymup. Upnwdnuubiph  pwpnnigywt ninpunp, npnu
wlnhy hbnwgninnyeiniiibpp Lwjuwatinyb) u Cook-h L Reckhow-h' wfuwwnnipjniiny,
nwnwuwuhpnud £ wunypwiht pubiwdlbiph wpnwdnuiubiph pupnniejw hwjwnwhgubpp
nwppbp  wpnwdiwt hwdwywpgbpnu: Ywplinp fupwUhgu E P L NP pupnnupjwl
nuubiph hwpwpbpniejut futinph (PGnWp: Uwutwynpwwbu, hwynth £, np wunypwiht
hwoyh wjiyhuh hwdwlwpgh gnynieyniup, npnul pajnp UnyUwpwuneniiubipp  niukl
«qupb»  wpunwdnwiubp, hwdwpdbp £ NP=coNP wundwtp': Wu  hwiqudwupp
pwgwhwpnd £ Juplnpuwgny  Juuyp wpunwdnuwubph  pwpnpnigut L
hwaywplbihnipjwt pupnniRwl wbunipjwt Ywplinpugnyu futinph dholi, pwup np NP
nuuh tnwppbipwynwihg coNP nuuhg Yhtinbh P U NP nwubiph nwppbpwlnup: Fuwwt
£, np npngwlh wundwl Jupbwgnyl wuwgnygh bplwpnyegndip bwwbu Yuwhudws £ wit
hwdwYwpghg, npnd Yuwnwpdn £ wuywgnygp: Wuwhuny, wpunwdnudubph
pupnniRwl Guplnpugny gnidywd futinhpubiphg dblp htwnlywu £ wpynp gnjnipjni
nith wunypwiht hwadh wityhuh hwdwlwpg, npnud gulwgwd tnyuwpwunyentu niip
ns wititht, pwl pwbwdlh Gplwpnipiniuhg pwquiwunwdwiht Eplwpnipyudp wpnwdnud
/wynhuh hwdwywpgbpp' nui wudwuynud Bu - super hwdwlwpgbp/: <wpnuh £, np
puquiwphy hwdwywpgbp super shb, uwljwl wunypwiht hwadh wnwyby plwlwl
(ublyjbughw; Ywd S$phgbh) hwdwywpgbiph Jupwpbipuy super hwdwlwpg (hubipne
fuunhpp nbn pwg b Upnwdnwdubiph nbuwulynithg Spbgth hwdwywpgbpp hwdwpynu
bl wnuby «pwprp htnbyw) pdwuntbpny’

w/ pnpp  wjiu pwuwdlbpp, npaup  npng - wg hwdwlywpgbpnud  niukl
wpnwdnwubiph  pwpnnuejwt  unnphl gnigsuypu quwhwwnwlwuubp, bpbgbh
hwdwlwpghipnd wpnwdnud bu pwqdwunwdwihu pwprnipjwdp,

p/ wu hwdwlwpgbpnud unnphu unuybip-puquiwtnwiwht guwhwunwlwuh
utnwgnuip hwyntuh dbpnnubpny pynud £ wuhwpht, Ywd suhuquig nddwp:

Uunypwjhi  wpuwdnuiubph  pwpnnyeywl  ninpunh hpduwlwu  futnhpt £
pugwhuynt] wju dhongubipp, npnup wuhpwdbion U npngwlp wunnuit wywgnigbnt
hwiwp: Uw htinwhwp Uywnwll £, vwhut wnljw Gu twl wy| htinwppppnipnitltin,
npnugny Unytwwbu wwnfwnwpwuynw Gu wu ninpuinwd wnlw hbnwgnuingejniiutiph
dbdwdwutingejniup: Wnwhuh futinhputiphg B dwubwynpuybu,
PPUSNPOGLPNRE3UL futnph /SAT problem-h / |nibnuip: Uuhpwgndbihnigjniup
hwuwnwinnn nplt wignphpd vwhdwunud £ npnowlh wpunwddw hwdwlwpg, npp

1 cook S. A. and Reckhow A. R., “The relative efficiency of propositional proof
systems”. Symbolic Logic, 44, (1979), 36-50
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Yplunppiwlynwd £ wignphpdh  Yuwwowpdwt  pugybpp L, hwlwnwlp,
mhhnl.uqn_bhmmrajmhg thwuwnnn nplt wprnwddwt hwdwluwpg hwtnhuwtnud £ SAT
problem-p |nidnn wignphpd: SAT problem-h dwdwbwlwlyhg Pwdnubpp npnund b
npnawlh «pnyp  hwdwywpgbipnud  (Resolution, Polynomial Calculus, Cutting Planes)
wpunwdnuiubiph pwpnmpywt Ybpht L unnpht qwhwinwlwtbpp, npntp hngnut By
SAT problem-h médwt hwdwp tjwquagnyl b wnwdbpugnyt pudwpwp nbuniputbph
dwuht: Upuwhund, wpnwdndubiph pwpnniejwl punypwgphsubiph hinwgninnudubipp
htitnwppphp b bwb wpnwddw «pnypy  hwdwywpgbpnu:

Lyjwwnwl m juinppitipp. Ufuwnwph hhduwlwt bywnwlu  wunypuwht
hwadh wwpptip wpwdwpwunpnittph npnawlh  hwdwlwpgbpnyd  wpnwdnuiubph
hmw;pzn pb;l:quhghz?‘h quwhwwinwlwtibph hbnwgninnudp b pun wind bwle wp
wdwhwnpgbph npnawlh npulwlwt hwnlynyenioub :
b e Yuly Yy ph wnluynipjwt hwpntwpbpnup:

*  nuwuwjwt wpwiwpwunejwt  Spbgbh  hwdwlhwnpgbipnd  wpnwdnuiubph
pwquwunuidnpbt uwhdwbwhwl pupnnipjwi punipwgphsttipny pwlwalitph
huwpwynp nwubiph hwpntwpbpnup,

* bwhwunpbt  hwwuwp  pwbwdbbph  wpnwdnulubph  pwpnniEwl
punipwgphsutiph hwpwpbipnipjniuttph hbwnwgnunnuip unwnpbip
npwdwpwtnpniiubiph npnawlih hwdwywpgbipnu, |,

* wwppbp npwdwpwbngniibiph npnawhh hwdwhwpgbph dnununnunyeywl L
fubuwn dnuninntingejwl hwnlnieiniiutiph hnwgnunnud:

Chunwgnuniwt  dbpnqubpt bb Jwpbdwnhiwywt wpwlwpwinpwy L
hwaodwplbhnipjul pwpnnypjwl inbunpwb dbpnnutpp, Yndphuwwnnp
ouunhuihquighwih dbpnnutinp:

Mugunuywnpwl tbpjwjwgynn hhdbwlwb npaypubpy k'

I Qwuwlwt wpudwpwlniput $Spkigkh F hwdwlwpgbpnuwd npnpwlh
nuubph  unyuwpwbnpinitibph - wpnwdnuiubph  pwpnnEpwt pnnp
puniewgphsutiph  pwqiwitnwdwihtt  uwhdwbwhwl (hubne  hwunp,
huswybu bwl wjbwhuh wbupbph pwbwdubph nuubph LYwpwgpnuip,
npntg wpunwdnwubiph pwpnniejwl punipwgphsibiph puquiwtnwinpbu
uwhdwbwihwl hubn hwinynipjwl wplwnyeiniup hwugbigunud £ pajnp
Mud  nprpwhh wwhdwbwthwindubpny/  Unybwpwlnipniiubh
pwquwbnudnpbt  vwhdwbwihwl — pwpnniput  punpwigphsubipng
wpwnwdmdubiph gnjnipjwp:

2. Swppbp wpwdwpwunipgniuutiph dh gwpp hwdwlywpgtipnd bwlutnpb
hwdwuwp puwbiwdbiiph wpnwdnubiph pupgnipwt pinewgphsubiph
quuhuwinwljwititiph Kwgbiv auuppbip htstine hwuonp:

4

3. Swpphp wpwiwpwunipniuubph dh 2wpp hwiwlwpgbpnud  dnunwnnu
jhubnt, UkY wy hwdwlwpgliph dnunnnt ghubiine b pninp nhuwplywd
hwidwluwpgbph fuhutn dnunnnb sihtbint thwuwnbph wwjwgnygubipp:

Qpqpulpwts  bnpnypp.  Lbphuywgynn hbgpwgnipnypiniibibph — ninnnipywdp
uywgiwé panp wpynbpbipp bnp bt w/ wnwoht whqu blwpwapdty 6o nuuwlub
tnybwpwhbingayniubph  hywppphp  nwubp, — npnlg wpipwonwbph  pupnnipjut
punipwagphsubiph pwquwunwdnpbl uwhdwbwthwy hubne thwunp Yupnn £ hwugbgub
hwynuh NP U coNP pwpnnipjuli rwubiph hwdpuydwbp, p/ wuwgngdb £ np
bwhwunpbt hwjwuwp uuwlwt b ng nwuwlwl unyuwpwunipuniubipp Ywpnn Gu
niublw|  wpywonwbbph  puppmipuub  puniewgphsubiph  wlywtnpb - inwpptip
quwhwinwywttbp, ¢/ wnwoht  wlqud dybp b opuuwhwt bong puuwlu
npwiwpwuniejniutibiph dnununnt b ng dnimnnb phy hwdwlwpgbph gnjniejwl hwpgp:

Unwgywd wpryntuptbph gnpétwlwi Yppwnnipynitip. Npnowlh
hwdwywnpgbpny  wpnwdnuiubph  pwpRnipjul punipwgphsubiph  quwhwwnnuiubipp,
niubbwny  nbuwlwl  Upwbwynpniy, mbbt  twbh  wpwlwmply Yhpwnnipniu
phinpbdubph wpunwdnuiubph wnniwnwgdwl gnpdpupwgnwd, htswbu bwl wiwhuh
ninpuntbipnud, huswhuhp bl Formal Verification, Artificial Intelligence, Operations Research,
Computational Biology, Cryptography, Data Mining, Machine Learning, Hardware Design-p:

Lpuwywpwlnmdubp,  Unbuwfununipjut hhiunwgnunyegniiibph  JEpwpbipjug
nyugpyp Bu 14 ghnwlwt wpluwnnipjniitibp, npnug gwuyp pbpynud £ unyl
utiniwgph Ybipguwdwunud:
Unwgywsé wpnymtpbph thapawpynuip. Unbbwfununipniunud ubipyuwywgywd
wpryniuptbpp  pwaihgu  Ubplujwgyly b putwplyby tu wnwppbp ubdhuwpubiph L
dhowqquihti ghunwdnnnyutinh pupwgpnul®
e Logic Colloquium 2016. European Summer Meeting of the. Association for
Symbolic Logic. Leeds 2016.

e Logic Colloquium 2017. European Summer Meeting of the. Association for
Symbolic Logic. Stockholm 2017.

e Logic Colloquium 2018. European Summer Meeting of the. Association for
Symbolic Logic. Udine 2018.

e Logic Colloquium 2019. European Summer Meeting of the. Association for
Symbolic Logic. Prague 2019.

e ML NRIL ghnwlwl Lunuwpgwl 2017

e ML NRGL ghnwlwl tunwopowt 2018

o «Pupnnyejwl punhwnp wbunRjws ubidhwp

UWfuwwnwiph Sdwdwip L Yunnigwopp. Unbuwfununyeyniup  Yuqddws £

ubpwdnieniuhg,  snpu - gyntfutiiphg, bqpulwgnipyniuhg,  ogunwignpdywd
gpulwunpjwl  gwtljhg /43 wun/, dGY hwybpwdhg L bpkp oguwljwp
gniguljubing: Duup 89 kg L
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Unbtwfununipjwl hwdwnnin pnduiinulnyimu

Unwohti qqfunud  uwhdwtynud &b pnjap wjt  qunuwihwpubpp, npnlip
oquugnpdyws bu hbnwqu htnwgninnipiniiubpnud

1.1 Yownnwl npynd U puuwlwt npwdwpwtnepwl npng wpnwdlul
hwdwYwpgbiph  uwhdwunuiubpp,  huy  npwbg  Blwbwwnhwbpp s RWUWGWY
npwiwpwunpgniiubph  hwdwp  opdnd B Cwdbws ook Hhowpllws
hwiwlwpgbipt  BU'  nuuwlwl, punnthghnbhunwlwl,  3nhwbuntp Ahuhdwy/
npwdwpwumpnitbph $pigh F. F1 |, FM hwdwlwnpgbpp, unyu
wnpwdwpwlnipyniuibinh PC, PI, PM ublbtigyw) hwdwlwpgbnp, huswbu twl, hbnlyny
Asterias,..” woluwwnipjutp, PMon-Ununninthl  wpwdwpwlniewl hwdwlwpgp:
Thuwplynd B bwlb wpn panp hwdwlwpgbph  wnwtg  hwnnyph Ywtintsh
nwppbpwiubpp hwlwwywinwufuwbwpwp' PC-, PF, PM- L Pmon :

1.2. Ytnnud, htgbng U. 2nipwpjuh? waluwnnput dpw, npgmd £ htnwgu
htunwgnnnipiniitbiph hwdwp Yuplinp npnghs nhqymitiinhy tnpdw; dlh qunuthwpp
nuuwlwt  wpwiwpwinpuwt  hwiwp: <hobbng  punniwsd uwhwdunwubphl,
thnipnfuwlwtbpp b npwtg dfunnuwlubpp Yuwiwubbp hunbpwutp: K Ynuynislinp
hntithg Ubpluwpwgunud £ (hinbpwitbiph pwqdnignd (Ynbyniulnp sh upnn wwnnitwlyby
thnthnfuwlwbp b wyn thnthnfuwlwth dfunnuwip dhwdwdwbwy):

thgnp @-U wunypwiht hupdh pwtwdl b huly P ={py,ps, .., p.}-U" win
pwbwalh pnnp thnthnfuwywbtbph puqunieiniup: P’ = {p;,, py,, ..., pi, -0y (1 <m < n)
Upwlwlbup P-h nplk; bupwpwqinyejniu:

Uwhdwbnud  1.2.2. Spwd o= {oy,..,0,} € E™-h /m-swnhwth  dhuwfnp
funpwbwpnp/ hwdwp K7 = [pg‘,p;‘, ,pf“':‘] Ynyniljinp  Ywdwubp @ — 1-npnzhs
(@ — 0-npnghg), ek wdbl p;-ht o; wpdtipp (1 < j < m) Ybpwgpbinig hbwn Yunwlwlp
¢-h wpdtipp (1 Ywd 0) wthwhu duwgwd thniinfuwljutiiinh wpdbpubiphg:

Uwhdwtinud 1.2.3. D = {K;, K;, ..., K} FLAU Ywuwlblp npnghs HLA (nHLAQ)
#-h hwdwp, tpb ¢ = D L gwulwgws K; (1 < j < 1) Ynuyndulyen 1-npnghs t o-h hwdwp:

1.2.1. Ytwinnd wpynul b E, R, OP hwidwlwpgbph uwhdwiundubpp quuwlwt
wpwdwpwbnpjwt  hwdwp,  huly  gputg  Udwbwwnhwbpp g nwuwlw
wpwdwpwnyaniitbiph hwdwp wpdndd By Cwdbpws 1-nui: Uy hwdwlupgbpnu
hEuwunputipp Lwhiwwbu wipwgpduws sbt: Lpwbp plnpynud BU JaEndh PEPEWpPWLS NN
putwabh hwdwp: Uunbn uwhdwijws wdbt dh hwiwhwpg wwpniwynud £ by

? Asterias A., Galesi N., Gavalda R., Monotone Proofs of the Pigeon-hole Principle,
Mathematical Logic Quarterly, 47, 2001, 4, 461-474.

§ A.A.Chubaryan: Comparison of proof sizes in systems and substitution systems of
Frege, lzvestiya NAN Armenii, Matematika, vol. 35, No. 5, 2002, 71-84.
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wpnwdiwy Jutnt puuwlwt npudwpwinput hwdwp W Utpowynp pwliwlynipjudp
wpnwdiwl Yulntubp ng puuwlwl npwdwpwbnpniittph hwdwlwnpgbph hudwp:

chdudtynd npnghs YL@h qunwihwph dpw U 2nipwpjuth - Jpnhhgju
wofuwwnniginiuny uwhiwtwd £ wpnwdiwt E hwdwlwpgp: Yuwdwjwlywl  pwlwalh
hwdwp End npwbu  hbuwunyp  Ybpgynd BU wn  pwlwdlh nput  nFLA-hH
tlyinubpp:
o m4E htﬂ?fmqwnqg nuh Ukl wpnwdtwt Ywunt' Ypbwndwl Gutnup (&-Ywiunup)
wpnwdnu £ KU K" K' U {p} U K’ U {=p} Ynuyniiljntibiphg Yudwjwlwl p wunypwihu
thuthnfuwlwith L k', K" Ynuyniulunitiph hwdwn:

E-wpunwdnid | Yngnud Yntyniuntubiph wjtiwhuh tpguynp hwonprwlwunyejniup
npntighg  jnipwplgmipp Jud - wpuwdynn pwiwdlht  hwdwwwinwufuwbnn
hbbwunypubiphg k, Yud unwgyby E bwjunprubiphg e-4wunuh Yhpwndwdp: UWytuhwn E,
np D= {Ky,Kp, ..., K} TL2U Unyuwpwlnipni £ wjt b dhwit wju nbwpnud, bpp
{Ky, K3, ..., K1} hbuwunypubiphg Yupbih £ wpuinwdt) nuuwpy Ynbniilup (9) e-yuununy:

Quuwlwl npwiupwtinput nbkgnynighnt RC hwdwlwpgp ynuyniulyinhy
unpdwy dubipny (YLQ) wpdwd pwtwslh htippdwt dapnnny wpunwddwl hwdwlwpql £
Zwyinth £ wunypwiht hwalh puwtwslbiphg nhquniilghwtbiph hwdwlwpght /4UL3A-hu/
wliglbint wjuwhuh nuwtwy, np unwgyuws “LA-h bplwpnipgniup ng wybihu, pwt Jtg
wiqwd £ glipwquiignud npdwé pwtiwalh Eplupnipyniup:

Unwgywd YL mpupwlgnip ghgniuln Jupnn £ hwdwpyby hhm’uunq[!ar:
Mthqnynighnt Ywunup D' U {(p} L D” U {p} —hg wpuwdnd £ D' U D"-p, npintin D L D"~
nhqniuwnibp Gu, huy p-u thnthnjuwlwu: K = {Dy, Dy, ..., Ds} HYLA-U Yngynwl £ htippynn
wiu U dhwjb wju nbypmd, Epp gnjnipjniu niup nuwwny nhgniljnh (A) wpnwdnw
Dy, Dy, ..., D huwunypubiphg: hp htipphl, jnipuitipgnip pwlwalhl
hwdwwywnwuuwttigwd YU3-h  htpplihmeyniup  hwdwpdp £ uipjuwd  pwlwdlih
unyuwpwlnipiniu  hwtinhuwtwin: Muny?®  woluwwnneiniund blwpwgpywd £
nbgninighwih hunnihghnthunwlwt hwdwywpgp R, npp ubilyybughnt hwdwlwpg L,
wnunwddwl Yulnubphg niwtg  npngwlh uwhdwuwdwynuiutiph wuwpunwnndudp
uwhidwtyn £ Snhwlunth npwdwpwunpwl R/ ntignynighnt hwdwlwpgp: Ukpght
bpynt hwdwlwpgtph LW Pmon hwidwlwpgh wpwnwdnwiubph hhdwt Ypw Yunmigynud bu
nFU-bp Lwle wyn pbp ng nuuwlwl wpwdwpwdnniittiph hwdwp /inbu, ophlwl,
An. Chubaryan &...%:

4 I.Muny, Cucrembl pes3oniounii AnA  HEKNACCMYECKUX NOTWK, CemuoTuKa W

uxchopmaruka, 25 (1985) 120-133. "
> An. Chubaryan, Arm. Chubaryan, A. Mnatsakanyan, Proof complexities of strongly
equal classical tautologies in some proof systems, Nauka i Studia, NR 42 (110) 2013, pp.92-
98.
7
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Yybapan An, Yybapan Apm.° woluwwnnipniund ubpdmdjwd t punhwinp
npnhawitbph  hwdwlpupgp (OP) hbnlyw) nwbwynd' jnipwpwbigng  pwbwaliht
hwdwwwinwuptbigynud £ phtwp ninnnpayws dwn, nph wpdwnht Jbpwgpws E hupp
pwlwdlp, nbplubpht Jbpwgpyws £ 0 Yud 1, huly nplk v ququpeh bpyne quiduly
hwunhuwgnn ququpubtipht Ybpwgpynud bu v-hb ybpuigpdws pwbiwabh dbe tpw nplik
p tnthnfuwlwuh thnfuwpbt hwdwwywnwoiwbwpwp 0 wd 1 nbnunpbing  hbnn
unwgywd pwbwalibpp: Uyu hwdwluwpgnul bnyuwpwuniyeniuibpht
hwiwwwnwufuwbng BU dwnbip, npnug nbipldibpht Ybpwapgws £ 1 wpdbpp:

1.3 Ytwnw, htinubing Jakob Nordstro™m’ wofuwwnyejwip, uwhdwuyby Gu
wpunwédwh pwpnnipjwl punipugphsubipp’
wpunwdiwl Eplupnipyniip (-pwpgnipgnit) hwjwuwp £ wprnwddwt pninp ninnbph
tpywpnipniitbiph Anpudwpwbwlwl  Upwttbph  dnunpbiph  pwbwyp/  gnuiwphl,
wpnwdiwt  puybph  pwbwlp (t-pwppripynit),  wpnwddwt  Swlwyp.  Upw
jnipuwpwlgnp puyip fuwwwpbne hwdwp wuhpwdbpn  tdwqugnyt wwpwgpp  (s-
pupnnpiniy), wpnwdiwl juybnpniip npuybtu wdbbwbplwp nnnh Gphwpnyeutp
(w-pwpnmpnil):

“thgnip, nitbup @ wpunwdiwt hwdwlywpgp b ¢ Unyuwpwbingeyniup: tg{lg.s:,wg)-nq
Upwuwlbup @ hwdwlhwpgnud @-h pnnp wpunwdnwubiph  ¢(1,s,w)-pwpnnyeiniitibph
dhuhdw) wpdtipp:

Uwhdwbmd 1.3.3: Hthgmp M-p unyuwpwtnyzjniiubinh nplit pwqinipyni £ M
pwqdnpjwl G-wpunwdnuubpp Guidwubup tpuqiwtnwdnpbl (w-pwqiwlnwdnpbl,
l-pwqiwtnudnpbl,  s-pwquwtnuinpbt) vwhdwlthwy bpbk  gnipinu niuh  p()
puqiwtnwd witwhuht np &) < p(lel) W < p(eD. & < p(lel).s3 < p(eD) guluguwd
¢ -h hwdwp M-hg, npwntin |@|-ny tpwbwlyws £ @ pwliwsbh bpywpnipyniup:

Uwhdwimd  1.3.4: Gpynt wpnwédwt  hwdwywpgbp  Yngdnd  bU ¢-
pwqdwbnwdnpbb (-pwquiwtnudnpbit) hwdwpdtp, bpb hwdwywpgtiphg dbynu tpdws
jnipwpwtiginin. wpnwsdnd Ywpnn £ sbwihnfudb) bnyt pwbwdth wponwddwtp dnw
hwdwlwpgnud ng wybiht, put pwyiph pwuwyh (Gphwpnieiwl) puquwtnuiiwiht wéh:

Cwywnth £, np quuwlwt tnpwidwpwtnipiwt Spiqbh painp £ hwdwlwpgbpp
/hunnihghnuhunwlwu  wpwdwpwinipjwt  $pbigbh pnpp FIL hwdwlwpgbipp,

Yybapan Au.A.,, Yybapan Apm.A., OueHKM HEKOTOPbIX CNOMHOCTHBIX
XapaKkTepUCTUK BbIBOAOB B cucteme obobuieHHsbix paciiennenuii, HAY, OteyecteeHHan Hayka
B 3MOXy W3MEHeHWIA: NoCTynaThl NPOLIOTo U TEOPUM HOBOTO BpemeHu, Yactb 10, 2(7), 2015,
crp.11-14,

7 Jakob Nordstrom. Narrow proofs may be spacious: Separating space and width
in resolution. SIAM Journal on Computing, 39(1):59-121, May 2009.
8

3nhwbunth  wpwlwpwunpjwu  Sphgkh  pnnp FML hwdwlwpgbpp/ -
puqiwunwinpbt /hnbwpwp, bwl tpuquwbnudnpbt/  hwdwnpdtp Gu:

Uwhdwunud  1.3.6: Ywublp np A Unylwpwlnpjul  wpunwsdnwip
puqiwunwdnpbt hwugtgynu £ B Unyuwpwunipjwl wpnwddwp, bpb gnjnipni niuh
pwwalbiph By, By,..., B, hwgnpwlwunipjnit, wjuwhup np B 2 By, By 3 B, ..., Ba—y 2
By ,B, ® A pwuwdalbpp Unyuwpwunipjniuubp BU U wyn putwalitiph I-pwpnnipnitiubpp
uwhiwbwthwyyws b |A|-hg puqdwtnudny:

QLR 2.nd  pwpunpdwd  BU Sphgbh  nuuwywt  hwdwlwpgbipnu
wpnwdiwl  pwpnniwl  punpwgphsubiph  quuwhwindwt htwn Yuuwd Jdph gwpp
futhputiph (nidnuiubinp

w/ wwwgngyty b pwbwdlbph npnawlh nwubph pun pnppp nhunwplywsd
pwpnnipjwl punipwqphsbiph puwqiwtnuidwihu uwhdwuwthwlnuip,

p/ Ujwpwgpyb) bU Unylwpwlnyeniitbiph npnawlh nuwubp, npnug hwdwp
wywgnigdty £ Yudwpulwl  UnyUwpwtnipjuwl - wpnwddwl puqiwtnwdwhl
hwgbignuip uzywd nuubiph pwlwalbiph wpnwsdnuiubipht,

g/ nwnwuwuhpyty £ twb A, B, U A, AB,, AxVB, n A, 2 B, wbuph
Unyuwpwunipiniutbiph wpunwdndubph  pwpnnipjwl npn2  punipwgpstbiph
hwpwpbpnipnitbbipp:

Unyt qifuh wpryniuptbipp inwwgpywd tu [4], [7], [9], [13] waluwwnnien twubipnud:

2.1. Yo Uywpwgpynd B Unylwpwuniegniitbph  npngwlh nuubp b,
dwulwynpuwyby, wwwgmgynd £ np wyp nuubpp b pwquwtnwduht
pwprnipjudp wpnwdnwiubn:

211  bupwiybwnnd  wpgnd | unywpwimpnt  hwbnhuwgnn
pwjwbuwynplws HLA-tbph wpnwddiwl puwytiph quwhunnnuip

Uwhdwbumd 2111, A pwbwdlp Yngnd £ puwpwiuwynpluéd, beb tpw
jnipuwbgny tnihnfuwlwl nuh 6hann Bplne dnunp' dbyp dfunuing, djnwp wnwlg
dundwt:  Pwwuuwynplwd  pwbwdbbpp  nundbwuhpws U L.Strasburger®
wytuwwnnipniund,  npntin, b dwutiwynph, wwwgmgywd k, np jnipwpwtgnip
tnywpwuneiwl wpnwdnup Spbigtih hwdwlupgbpnu puquutnwdnpbu hwugtigynui
E npnowyh  puwwbuwynpwd Unyuwpwuniput  wpnwddwlp, hbwlwpwn fupuwn
Yuwplnp b puwbuwynpywd pwbwdlibiph wpnwdniibph pwpnnipjw puntpwgphsubiph
hbunwgnunuip: Pujwbuwynpywd pwtwabbiph dh Bupwnwup hwidwp wuywgnigyt) £

Rbnpbd 2.1.1.2. Lnyuwpwtnpnit hwunhuwgnn pwwiuwnpdws Fua-ubkiph
F-wpnwdnulubipp  -pwquwtnudnpbl - (¢-pugqiwtinudnpbl, w-pwqiwltnwdnpbu, s-
pwquwunwdnpbt) uwhdwlwihwy bu:

¥ Lue StraBburger: Extension without Cut, INRIA Saclaylle-de-France and Ecole
Polytechnique, LIX, Rue de Saclay, 91128 Palaiseau Cedex, France, 2016.

9

© National Library of Armenia



Unjuiygp wipgnud £ upgwd pubiwdlitiph. wpnwénulubpp hupnth PHP, pubwalitiph
wnuupufubinh hwtgligdwdp:

112 bupwlbnnd  quwhwindnd  bBu huynth  hwdwpdbp  pwbwabng
thnfuruptwit gnpdnnnipgniip /intu S.C. Kleene®-h woluwwnnipyniup/ hpwlwtwgung
odwtinyl pwuwdlbiph wpunwsnuiubph pupnniRjwl punyawaphsubing, htsp Enyp E wwh
wjn an,bﬂrlmrajwh dhongny hhduwynpb) hbwnlyw) «pwpn wpnwdynny  pwbwdlbph
puquuypuiwiht pupaniejudp F-wpunwdtihnpiwt Unp wywgnyg'

k 1 —Ej.
Pk =V(eyermeneBnNi=1 (NZ1Viey (("i}' A=e) V(i A "115;)) SRV, (xf) ™)

W.2nipwpjwh gbpnhhgju wofuwwnngniuind wwywgmgwsd £, np wjuwhup
puwbwiybph wpnwdiwy pwtph pwuwyp E, R, OP hwdwywngbpnud nth pwliwdlh
tplywinngniuhg Yuwhuwd unnpht gnigswiht quwhwiinuwuit:

Wuwnbin Uwiu wwywgmgynud £ thnfuwphbdwt gnpdnnnigjuitip Jbipwpbipnn

@bnpbd 2.1.2.1. “thgnip niubtp P(4) unywpwunyginiup nph F -wpuwdnuip -
pwqﬂwhqwdnphb (t-pwqiwbnudnpb,  w-pwquiwbnudnpby,  s-puqdwtnudinpb)
uwhduyyhwl £ U mubup A = B uwuwnpuip: Wn nbupnud P(B) unyuwpwunipjul F-
wpunwinuip unytybiv pwqiwtnudnpbit (¢-pwqiwinudnpbl, w-pwqdwunwdnpbu, s-
puquwynudnpbl) uwhdwtwihwly £ Yywhudws [P(B) | + |4l-hg:

Uww wwjwgmgynud £

@hnpbd 2122 ¢f, pwbwdlh hwdwp gnnipinis nubt F-wpunwdnulubp,
npnup t-puquwtinuinpbi(w-pwqiwtnwdnpbl, l-puqiwtnwdnpb, s-
pwqUpudnpbl) uwhdwlwihwy Gu:

2.2 YbwnW nwnutwuppywd bu bnybwpwbnpgnitibph  wpowdmdubtph
pwqinypuiduwpbt hwigbgnuiubpp npnawyh nhyh pwbwabbph uuht

2.2.1 upwybnnu ubpdnidyt) £ hwwndy whyh pwbwélbph qunuihwpp.

Ywhiwimd 2.2.1.1. Uunypwiht hwplh A pwlwdbp Ywudwubtup hwwndy
whuyh bpb wil niuh htinlywy wnbupp A=p > A; VA, V...V A, (k= 1), npinbin A; VA, V
“VARy ng  UnyuwpwUnginds £, ng  hwlwunieinu,  A-bpp  Unyuwbu  ng
unyuwpybneiniutbip BU, ng hwlwunpniitibin, b |4;] < |4;]/21 (1 < i< k), huy p-u
(hwnbpuy £

Uwwgntgt| bU htnlyuwy wunnuiubpp'

9¢ . Kleene, Introduction to Metamathematics, D. VanNostrand Company, INC, New
York, 1952.

10

@tnpbd 2.2.1.1. bpb gnynipinil niuh wunypwhu A Unyuwpwunipniu, nph F-
wpunwdnuiutpp  -puqiwtnuidnpb (t-pwquwunwdnpb,  w-pwquiwunwdnpbl,  s-
pwqUwunwinpbl) uwhdwthwy sbU wuwjw gnnipint nish wjiwhuh hwwnndy nhuh
unyuwpwunieini, nph F-wpunwdnuitbpp  Unylwbu l-pwqiwunwdnpbt  (t-
pwquiwtnwdnpbl, w-pwqiwtnwdnpb, s-pwqUiwtinuidnpbt)  uwhdwbwgwy 6 U
upwunu A; bipwpwbwasltpp A-h bupwpwuwalbp Ywy bupwpwuwasliph dfuwnnuiubp
Lu:

Chnlwtp: bpb hwuny whyh pwuwdubph pwqunipjwl wpunwsndubipp [-
puqiwtnuinpbit  (t-pwqiwunudnpbl, w-pwqiwunuwdnpb,  s-puquwtnudnpbi)
uwhiwbwihwy bU, www wunypwhtu hwodh  poppp unyuwpwumpnittbph  F-
wpunwdnwubipp  pwqiwtinudnpbl (t-pwquwtnuinpb,  w-pwquwbnwdnpbl,  s-
puqiwunwinpbl) uwhdwbwgwy bu:

2.2.2 bupwlbnny Ubpdnddt b bwbwihnju Swnny wpynn pwbwabbph
qunuihwpp b wwwgmgyly £ npnawih tnyuwpwinpymitubph  wpwnwdnuiutbph
pwqiwinuiwght hwiqtgnuip Wwbwinju swnny wpynn pwtwsbbphg Yuqijus
unyuwpwbnpjnittbph wpnwdnuiuubph

Uwhiwbnd 2.2.2.2. Uwhdwlbbp tywbwinfu Swnend wpdnn pwbwdbbpp
dwlwdiwl bnwtwyny:
1. Swulwgwd hunbpw) tpwtwihnfu Swnny npynn putwal £
2. bph Ty-p U T-p Upwbwihnju dwnny npynn putiwébbp b, huy 7;-p (hunbipuwy, wwjw
ry A (Ty V T1)-p bu Upwbwihnfu Swnny wpynn pubwsl £
3. Wy upwlwthnfu dwnny wpynn pwiwdlibp shub:

Uwywgnigyt & hbunlyw wunnwip'

Rbtnpbd 2221 Thgnp A wunypwihu  hwadh Unyuwpwungeniu £, npp
wwpniuwynwd £ dhwjit > L - Upwulbpp, pun npnd & wwpniuwlnd £ dhuwit
(hnbipwubpnul: W nbiwpnud bpw wpuwdnuip pwqiwtnuiwht pupnnyejwdp Yupbih
E hwugbgubty —(Ty AT, AL AT,) pwlwdlih wpunwddwtp, npobn n < |ALT (1<i<n)
Upwlwthnfu Swnny tpynn pwliwallbip bu U |7;] < |Af:

2.2.3. bupwltinnul bpdndyt & iphy YLa-ukiph qunuwthwpp b wuywgnigyb £
npnawlh YLa-ubph wpunwénuiubph puqiwnudwiht hwigbgnuip |phy HLa-ubph
wpunwdnuiubph

Tthgnip niubup D =N, VN, V...V N, Yu2-t, npnd pnnp  hinbipwbpp
thnthnfuwywtiubiph dfunnuiubp Gu: K Ynbyniilnp Ynsynwd £ D-h ubipyujugnighs bpb wju
wwpniiwlny E gnub dby dhininfuwlul jnipwpwitiginip Ni-hg (1<i<mn), Upw pnppp
{hubipwiubipp thrthnfuwlwutp Bu L panp thnthnfuwlwuubipp D-hg Gu:

Uwhdwtinul 2.2.3.1. D, = €, VG, V...V G, FUA-U Yuiijulbiup D, = Ny VN, V..V
No-h  pugnud, bpbD;-h  Guidwjwlwu K-ubpyujwgnigsh  hwdwp gt nitip
N;(1<i<n) npp K-h bupwpwqineniu £ D= (N, VN V..V Ny)V (G VG V..V Cp)p
Ywuwubup jphy FLa:

Uujwgnigyby bu hbinlywy wunnuiubipp'
@tnphd 2.2.3.1. Lphy FLA-Ubipp Unyuwpwlngjniiibip b
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@Enpkd 2.2.3.2. Gpb |phy VLA-ubph pwgdnyenitp muh Fpwqiwtnudnpb
uwhdwbwihwl wpnwdmd www wijiyhuh D Y63 bnyuwpwbnpmiibph pugqdnyegmp,
npnbn wnwlg dfunnd  hwunbu BYynn  hnthnjuwlywiubph  pwuwlp  jppwpwlgnip
ynuyynuywnd  0(leg(|D])) £ Uunyuwbu nith  -pwqiwbnwdnpbt uwhdwbwihwl
wipunwdnud:

Chnbwip bpb phy FA-Ubph pwqdnipniuop mith  -puqiwbinuidnpbit
uwhdwbwthwly wpnwdnwd wwjw wjitwhuh D o3 Unyuwpwlnymutbph puqudnyeniup,
npnbn  dunnwing  hwtnbu  BYynn  thnpnfuwlwiutbph  pwbwlp  Jnppwpwlsingm
Ynynulpwnd  0(log(ID])) £ Unyuybu nh  -pwqiwunwdnpbt  uwhdwbwhwl
wpuwdnu:

2.2.4 Lupwybwnnd tbpdniddbp £ npnawlh “Gnpdw) wnbuph pwiwslbbph”
qunuthwpp b wwywgmgyby £ pnpnp tnybwpwbnipnitbbiph wpnwdnuwiubph win quuoh
pwlwdalibpht pwgiwunwdnpbu hwugbgdwl thwuwnp:

Uwhdwtind 2.2.4.1. Uunypwiht hwauh 4 pwidlp tnpduy nbuph k, Gpb w
wwpnitwynd £ dhwjt A, v b = npwdwpwiwlwl gnpdnnnipniiubpp, pun npnd -
wwpniiwlymd £ dhwju thinbpwjubpnud:

Ogunbny thnfuwphtdwt gnpénnnipjuwip Jepwpbpnn wunnuihg, wuwgnigywd
k hbwnlywy pbnpbdp:

Rhnpbd 2.2.4.1. Uunypwiht hwadh juwdwwlwy ¢ pwbwdlh F-wpunwdnud
pwqiwtnwdnpbt hwugbgynu! £ wjiwhuh Unpdw) nbuph pwtwélbh F-wpnwddwl, nph
bEplwpnipniup pwqiwunuwdnptt £ juhudwsd ¢-h Gplwpnipinithg:

2.2.5. bupwlbwnnd hbtnwgnungnud £ judwjwlwu 4, B, U A,V B, A, AB, nt
A,D B, wnbiuph  pwtwalbph  wprwdndubph  pwpnnipwt  punipwagphsubiph
thnfuhwpwpbpnipyniutbpp: Wuwhuh  wpryniipubpp Gwpnn BU ogunwlwp  (hubu
Yudwjwlwy pwbwsbbph wpnwdnudubph pwpnnipjwt punipwgphsubph guwhwwndwl
hwdwp: Uinwgywd bu hbinlyw) wpryniiptibipp’

Bhnpbd 2.2.5.1. Snnpinitt niubt wyjtwhuh B, U €, Unyuwpwbnygniutbkp, np
Ap = By V Cyp- h wptnwddwl t-pupnnipgniip 0(1) £ I-pwpnnigjniup 8(n), huly B,-h W C,-
h wptnwddwl t-pwpnnipiniuubipp 6(n) b, huly I-pwpnniEniitbpp 8(n?):

2n

Lwpnth k, np As(p) = === (-pVp) pwbwdlbph wpunwdmdubph -
wpnnipniup 8(n) £ /inbu, ophtiwy, Krajichek'/:

fabknpbd 2.2.5.2. A, (p)VA,(q) pwiwdlh wpnwdiwl t-pwpnniyeiniup 8(n) k:

fatinptid 2.2.5.3. thgnip 4, U B, Unyuwpwlnipniubbipp wyn nbwpmd A,AB,-h
pupnnpiwl t,Lw U s punypwgphsubinhg jnipwpwtgnipp Yungny hwdwuwn £ A,-h L
Bp-h hwdwwwwnwuhuwt punipwagphsubphg wnwybpugnyuht:

04 Krajicek, Speed-up for propositional Frege systems via generalizations of
proofs, Commentationes Mathematicae Universitas Carolinae, 30(1), (1989), pp.137-140. 83
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@tinpkd 2.2.5.4, Snynipynt niubu wjiwhuh 4, U B, Unyuwpwunipiniitbip, np
A, = B, D Cp-h wpnwdiwl t- pwpnnigynitp 0(1) £ s-pwpnmipniup @(n) huly B,-h b C,-
h wpnwdiwl t-pupnnieiniuubpp @(n) bu huly s-pwpnniiniitbpp (n?):

QLMK 3.-nud hbnwgninyt Bu Ewlwunpbt hwdwuwp unybwpwune)niutibph
wpunwdndubiph pwpnnipwt pumipwagphstubiph hwpwpbpnyeniutbpp wunypwiht hwadh
npn2 hwdwwpgbipnu: Uunypwiht hwadh papinp Unyuwpwbnpiniubpp npuybiu pnywt
$muyghwbp ppwp hwywuwp bU, uvwlwit nputghg npngubipp wpnwdynd  bu
puwjwlwtwswih bplwp, huly npnpubipp wpwg: Npwbugh Unyuwpwineniuubpp npng
hiwuwnny nwppbpuyyt wpnwsdnuubph pwpnnipniiitpny hnfujuwwywygyws, An.
Chubaryan, Arm. Chubaryan" wotuwwnipiniunud ubpdnidyb) | Ewljwunpbt hwijwuwp
Unyuwpwlinieiniitbiph  qunuwihwpp:  An.  Chubaryan L .7 wpluwwnnigniinud
wwuwgmgyty £, np Ewlwunpbt hwjwuwp  Unybwpwunigniibiph - wpnwdnwubph
pwpnnipniuubiph dEdnieniuipp «pnyp hwdwljwpgbpnud  /nuuwlwt b ny nuuwlwt
npwdwpwinipimiuibph E - whwh b nbgngmighnti,  ptswbu  twb  quuowlwt
npwiwpwbnpwt OP/ hwdpuljund Bu: Unyt gfund nunduwuhpdnd Bu Ewljwunpbu
hwjwuwp pwlwdlbph wpunwdmdubph pwpnnLRjwl punipwgphsubinh
hwpwpbpneiniiubpp nwppbp npwdwpwunpniiubph wnwyb) wjwiunwywu dpkgbh L
ublyybugjwy /hwwnnyph Yuwununy b wnwtg hwwnnyph Ywunth/ hwdwlwpgbipnui: Snyg £
wnpynd  np dhlngt  ipwdwpwunewt  dhliuny wpnwddwt hwdwlwpgbipnul
Ewlwunpbt  hwjwuwp  pwbwdbbpp Ywpon B nibbw] wpnwdnuiubiph  bwwybiu
wnwppbpynn pwpnnipniitibp:

Uju wpryniuptbipp ubplwjwgywsd Gu (1], [2], [8], [11], [14] wotuwwnnipymiutbpnud.

3.1. bupwybwnnd tnpdnud Bu hhdbwlwt vwhdwunwubpp b bpwuwlnuiubpp:

Uwhdwbnd 3.1.2: Spwd Ynuyniulpnp npnghs £ ndjwp nmpudwpwiinipjub
wpunwdynn ublybinh hwdwp bl wl npnghs £ ublybunht hwdwwwinwufuwtng
pwwaliwiht inbupnud:

Uwhdwomd 3.1.3: ¢ L ¢ Unybwpwlnyeniitbipp (wpunwdynn ublyybuntbpp)
Ewlwbinpbt hwjwuwp B, bpb jnipupwlsgnin @-npnghs Ynbjndiljn twle -npnghs £ L
hwlwnwlyp:

1 An. Chubaryan, Arm. Chubaryan, A new conception of Equality of Tautologies,
L&PS, Vol.V, No,1, 3-8, Triest, Italy, 2007.

2 An. Chubaryan, Arm. Chubaryan, A. Mnatsakanyan, Proof complexities of
strongly equal classical tautologies in some proof systems, Nauka i Studia, NR 42 (110) 2013,
pp.92-98.
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Lokip, np ng nuiuwlwl wpwdwpwtngniitph hwdwp npnohs Ynujniuynubiph
uwhdwunuwtbpp wpydmd B Cwdbpwd 1.-nud:

3.2 Gupwybwnnd hwdbdwingb) ku Ewljwunpbu hwyjwuwp
unyuwpwinpniubph  wpnwsnuiubph pwpnmpwy pnnp snpu punipwgphgubpp
Sphqbh 7, FIL & FML hwdwlupgbpnud: Snipwpwtgnp hwdwlwpgh hwdwp Ugdnul
bu twlhwunpbt hwywuwp unywpwbnygmutbph gnygbiph  hwenprwlwunyenitibp,
npnughg wnwshbtbph wpunwdmdubph  punpwgphsubph hwdwp wnwgywd  Ykpht
quuhwwnwlwuubpp Yupgnd wybh gwdp bU,- pwl bBpypnprubph  wpunwsnuiubph
punypwgphsubiph hwdwp unwgywsd unnphu guwhwnwlwutbpp:

3.3 bupwybnn hwibdwindb) B Ewlwbnpbt hwjwuwp  ublybunubph
wpmwénuiubph  pwpnmipjuwls pumpwgphsubph uklybugywy PC, Pl PM, PMon
hwiwlwpgbpnl, hswbu bwl npwtg wnwtg hwnnyph Yuwunuh nwppbpulubpnud:
Wuwnbn Lu jnipupwtignip hwdwlwpgh hwdwp tgdnd Bu fwywbnpbt hwjwuwp
wpwdynn  ublunubph gnygbiph hwenpnwlwunieiniibp, npnuighg wnwghuubiph
wpuwdnuiubph  puybph pwbwyh L Gplhwpnyggnibubph hwdwp  unwgyws  epht
quwhwinwlwlubpp Ywpgnd wydbih gwép bu, pwbt Lpypnpnubiph  wpnwdnuiubiph
hwiwywinwufuwbwpwp puybph pwuwlh b Gphwpngniuibph hwdwp unwgyud
unnpht quwhwinwlwutbpp:

QLNku 4.-nd hbnwgnndlp B wunypwiht hwpyh  wwppbp
npwdwpwunpnivubph dh owpp  hwdwlwpgliph  dnunnnbnipput L fupun
dnunununipjwl hwnynysjmutitpp:

Uptnwdnwiubph  pwpnnipput gmddwd  junhpubphg £ dhupdug
unywpwnemiitbph L bpwtghg nplf  nbnunpneuwdp  unwgwd  pwtiwdslbipp
wpunwdnwiutph  pwpnnipiniuutiph  hwpwpbpnigjniip:  Axukees”  wigfuwwnnipniunu
hGinwgnnytp £ nuuwlwtu  opwdwpwunput wunypwib hwadh  <hpbpoywt dh
hwdwlhwpgnyd  hbwlywy  hwnlniegniup’  wprynp Jnipupwitiginp— ns-dhupdwg
unyuwpwtinyeinit mup wiuyhuh dhuhdw) wpwdwpwbwlwt dhendy, nph wpnwddwu
pwytph pwtwyp wdjwy hwdwlwpgnd ng wybht k, pwt wnpdwd ng-dhupdw)
unyuwpwunipwl wpnwdiwt pwjitipp: Loyt woluwnnipniunud pepdws Bu b wnuhuh
hwnynipjudp oduiwd hwdwlhwpgh dh ophtiwl b wjuwhuh hwdwlwpgh ophuwl, nph
hwdwp wyn hwnlympniup wbnh smuh fugkup, np Gpyne wnhwh ophuwlubipp |phy
hwdwluwpgbp stu/: Lppy hwdwlwpgbph hwdwp wu futinhpp puwg bp:

Uyu winbuwfununipiniunud wuywgnigytiy £, np «pnyp hwidwlwpgtiphg npngutipp
odunywd LU dnununntnipyw hunynipjudp, huly npngubpp - ng, htuswbu Lwb Lepdnéyk)
E wpunwddiwt hwdwlwpgbph fuhun dntinnntnpyut qunutwpp b wywgnigydl £, np
pwqiwphy hwupwhwjn wpnwdiwt hwdwhwpgbpp fuhun dntnnnt sku:

i A.C. Anurees, O HexoTOpOIi KnaccuhuKauMi BLIBOAMMBIX NPOMO3ULMOHANBHBIX
chopmyn, Matematuueckue 3ametku, 11, soin.2, 1972, 165-174.
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Uu qyfup wpyniipubpp  bbpluywgdwd Bu [2], [56], [10], [12], [14]
wotuwnnyanitbpnud:

4.1 Chduwlwb qunuihwpbbpp.

Uwhdwind 411, Linyuwpwnipniup (Funyuwpwuneiniup, M-
unyuwpwunpiniip)  Ywudwubp dhohdwy, Gpb wiu sh unwgynd nbinunpnipudp
wybih Yupé Unyuwpwlinyeimuhg (Funyuwpwunipiniuhg, Munyuwpwunyp)nithg):

Uwhdwiunud 4.1.2.  Upnwdnn ublbbmp Yngdnd £ Shuhdwy, bpb upw
pwlwdlwiht nbup hwiunhuwgnn putiwadlp dhuhdw) pwbwal E:

bhpuwsd npwdwpwtinpiut fudwwlwl ¥ unybwpwlnewt hwdwp Min(p)-
ny Upwliwlbup Y-h tnyt npwdwpwlngsniunud pninp dhuhdwy Unyuwpwlnye)niuubph
puqunipjnip:

Uwhdwinuf 4.1.3. & hwdwhwpgp Ynsdnud £ t-dnbinnnt (I-dnbinuinn), bpb win
hwdwhwpgh Yuwdwywhwl 3 Unybwpwnpjwt hwdwp gnnipyntt nith wjiwhuh @
dhuhdw Unyuwpwlnyenit unyu  hwdwlwnpghg, wjuwbu, np @ € Min(y) L t$ =
ty (19 = 13):

Uwhdwind 41.4. & hwiwhuwpgp Yngdmd E t-fuhunn dnunnnte (Iuputn
untnunint), bpb win hwdwlhwpgh Yudwwlwy P bnywpwinpwt hwdwp b unyu
hwdwhwpgh Yuwdwywhwt wjuwhuh ¢ dhuhdw) tnybwpwbnpywt hwdwp, np @ €
Min(y) Lty < ty (1§ < I3):

Stnwnpdwt Ywununy hwdwipwé nuuwlwt opudwpwlnipjwt Spbgbh F
hwidwlwpgp bpwbwlbp SF-ny, hulj <bughtywl hwidwlwpgp b wnwtg hwanyph
Ywunth <bugbtjwl hwdwhwpgp hwdwwywinwupiwbwpwp SPC-ny L SPC-ny:

4.2. <hfuwljwt wppymupbbpp.

fdbnpid 4.21. 1) Pnpnp nhunwplwsd  npwdwpwbingeniiibph  wnwbg
hwwnnyph Yuunth ublp|bugyu) hwdwlwpgbpp b t-dntninnt b, b -dntuninnt Bu;

2) RC, Rl RS hwiwlwpghbipp b t-dnunwinnt Bu, b -dntuninnt Bu:

f@tinpkd 4.2.2. OP hwidwhwpgp b nhunwpywd pninp npwdwpwnge)niubiph
E whyh hwdwljwpgbpp t-dnununnt sku:

ftnpkd 4.2.3. <bnlyw| hwdwlwpgbipp ng t-juhun dnlinint BY, ng Huhun
dnuninnt’

w/ F, FIL L FML,

p/ PC, Pl, PM L. PMon hwunnyph Ywununy, pt wnwug hwwnyph Ywuntuh
utlybughwy hwdwlwpghbpp,
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@/ OP, nhnwpydwd pninp inpwdwpwnipiniutiph E whwh hwdwywpgbpp,
RC, Rl L Rf hwiwlwpgbpp:

@btnpbd 4.2.4. SF, SPC L SPC™ hwdwlwpqbipp ng [Huhuwn dnbnnnt b, ng ¢t-
fuhutn dnununnt:

Upryniupubpp wdthnihwd B hwenpnhy phpynn wnynwwlnu:

Cwidwluwpg Unununnt tuhuwn dntininnt

Mtagnynighnt (C, 1, J) i+ T

Ukhybughw| wnwlg i 5
hwwnnyph Yuunuhp (C,
I, J, Mon)

E (C, I, J, Mon), OP = T

Ukl bughuw ? -
hwwnnyph Yuiinung L
bpligbh(C, 1, )

Stnwnpdwu
Yuwunting

SF,SPC L SPC™

Cwpl £ gk, np fupun dntnunt hwidwlwpgbp nbn hwpnbwpbpwd sBu,
hugwbu twb wwpg sk dbpoht  Gpynt  Juunwlubpmd  Updwd  hwdwlhwpgbiph
dnununinunipniup:
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Chitwlwt wpyniupubpp b hEmbmpynisibpp

Unyt  wunbbwfununyeniind  nwnuibwuhpdwé  BU - wpnwdnuwlubph — pwpnnipwt
punipwgphsubph quwhwwnwlwtbpp nuwuwlw ] ng nwuwlywl
npwiwpwtmpniubph wunypwhl hwah tnwppbip
hwdwlhwpqbipnui: Uinbuwhunumpyui hhduwlwy wprynmpubipt BU'

1. Twuwlwl wpudwpwunpul Spbgbh F hwdwlwpgbpnud

w/ wywgnigytip £ unybwpwimpinit hwinhuwgnn pupwiuwynpus
THua-tbph b «pwpny npngbijh» 0h quuh  SnybwpwbngEnitikph
wpnwdnuubiph pwpnnpjwl pninp punyewgphstbiph puqiwbinuidwht
uwhdwbwthwlnuip,

p/ Uhjwpwgpdby Gt bnpdwy wbuph, hunnly whyh, Bwbwihnfu
Swnbipny wpynn b phy Ma-ubp hwhnhuwgnn Unybwpwunipniitph
nwubipp, npnbg  wpunwénuitbph  pwpnnippwt punpwgphsutiph
pwqiwbnuwdnpbt uwhdwbwhwy hubine hwininewt wplugngegniup
hwugbgund £ pnpp yud  npnpwiljh  uwhdwbwhwlndubipny/
unywpwinipyniith - pwqiwtinudnpbt uwhdwbwhwy  pwpnnyewu
punyawgphsubipny wpnwdnuwiubph gnjnigjwp,

¢/ wwuwgngyl bu  hbunwppphp  hwpwpbpmipniuubn 4, L B,
Unybwpwuneymutiiph b npwtghg nhqniulghugny, Yntyniulghuyny ni
pduhywghwiny  Guqijws  Unyuwpwlnyeynitibph  wpnwdnuiubph
pupnnipjwl punipwgphsttinh dheli:

2. "huuwluwh, hunnthghnthunwlwt, dhtupdw) /Snhwbuntih/ b dnunnnuhly
nwpwlwpwlmpnittbph #, FIL b FML $pbgbh hwiwlwpghph,
utlyybughwy PC, P, PM b PMon hwwnyph jwintng L wnwtg
hwinnyph Jwbnuh hwdwhwpgbph hwdwp bodb Bu bwlwunpb
hwwuwp  pwbwésbbph  gnygbiph  hwenpnwlwunypniiitip,  npntg
wpunwdnuiubiph  pwpnnpjwl  punpwgphsubiph  quwhwwnwlwitbpp
Fwuwbu nmwppbp Bu:

3. dbhunwgnunbin  wunypwiht  hwadh  nuuwlhwt b ny  guuwlwl
npudwpwunipiniitbiph dh owpp  hwdwlwpgbiph  dnununntinejut b
fuhun dnununnunieywl hwnlynipniubtipp, wuwgmgyb k.

w/ nbignynighnt RC, RI b R} hwdwlupgbpp Jdntnnnt B pun
wnunwddwlt - puwytiph, pnp nhunwplyywsd  npudwpwlnpniiibph
wnwig hwwnnyph Ywinbh uklbugjuw) hwiwlwpgbpp dnunnnb bu b
puwn wpnwddwl puybph pwtiwlh U pun wpnwddwl bpYwpnipjub,
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p/ puphwupwgywd wpnhdwl Ywunth dpw  hhdudwsd nuuwluits
npuwiwpwlnipjwl OP hwidwlwpgp L pninp inpwdwpwnipjniutibiph E
whwh  hwdwlwpgbpp pun wpunwdnwtbiph puyiiph pwuwyh dnunuint
sk,

q/ hbnwgnujwd ng dh hwiwlwnpg fupun dnunnnt b ng pun
wpunwddiwl puyitiph U ng pun wpnwdiwl bplwpniput:

Unyu  wunbbwhunungniund ubiplujugyus htwnwgnnnyegniitbiph - pngnp
wpryniupubpp unp Bu’

1. wnweht wuqud Ujwpwgpyby bu nwuwlwl bnyuwpwtngejniitph hbunwppphp
nuutn, npntg wpunwdnuiubiph pwpnnipjwl punipwgphsutinh pwqiwlnuwdnpbl
uwhdwbwihwl hubpne wunp Jupnn £ hwbgbguly hwjnuh NP L coNP
pwpnnipywl nuubiph hwdpulydwup,

2. wywgmgyty k, np fwlwunpbt hwjwuwp nuuwlui bong nwuwlwb
unyUwpwunipuniipp  Ywpnn  BU niubuw]  wpnwdnwiubiph - pwpnnipjul
punipwgphsutiph bwlwunpbl tiwppbip quwhuwnwljwutp,

3. wnwoht wuqud ndyb| £ nwuwlwu b ng nuuwljul npwdwpwunyzniuubiph
dnunuint b ng dnunwuint |phy hwdwlwpgbiph gnniejwt hwipgp:
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Investigation of some quantitative and structural properties of different logical
g proof systems
Abstract

Some quantitative and structural properties of different propositional proof
systems for classical and non-classical logics are investigated in this thesis: a) a problem of
polynomial bounded possibility for proof sizes in Frege systems of classical logic, b) the
relations between the proofs complexity characteristics of essentially equal tautologies
(sequents) in the same propositional systems for different logics and c) some structural
property of propositional systems about the possibility or non-possibility for proving of non-
minimal tautologies more quickly than some of its minimal kernels.

The propositional calculus had an undeserved reputation among logicians as being
essentially trivial, but at present it is a strong conviction, that propositional calculus presents
some of the most challenging and intriguing problems in modern logic. Interest in the
problem arose from two fields: problem of automated theorem proving, which is base for
creation of Artificial Intelligence, and one of fundamental problems of computational
complexity theory.

One of the most fundamental problems of the proof complexity theory is to find an
efficient proof system for classical propositional calculus. According to the opinion, a truly
"effective” system must have a polynomial-size p(n) proof for every tautology of size n. Cook
and Reckhow named such a system a super system and they proved that class NP is equal
to class coNP iff there exists a super system. It is well known that many propositional proof
systems are not super because the lower bounds of some formulas are exponential in these
systems, but for some traditional systems, in particular for Frege systems, this question is
still open.

Most current research of some proof complexity characteristics is, in particular space
measure, driven by other concerns also. One such concern is the connection to SAT
problem. In fact, most modern-day SAT solvers can be seen to search for proofs in systems
at fairly low levels in the proof complexity hierarchy (Resolution, Polynomial Calculus,
Analytic Tableaux, Catting Planes, Cut-fee Sequence, Bounded Frege), and the bounds for
these proof systems hence give information about the potential and limitations of the
corresponding SAT solvers, therefore the investigations of proof complexities in such “weak”
systems are very important also.

All above questions, besides their mathematical significance, have practical
applications in such areas as Logic, Mathematics, Machine Learning, Hardware Design
Formal Verification, Artificial Intelligence, Operations Research, Cryptography, Data Mining
etc., therefore these investigations are very actual as well.
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1.

Main results of this thesis are the following:

For the Frege systems of classical logic

a) it is proved that all proof complexity characteristics for two sets of
tautologies (balanced tautologies in disjunctive normal form and for
some class of “hard determinable” formulas, which have exponential
lower bounds of proofs sizes in weak systems) are polynomially
bounded,

b) the notions of four sets of tautologies (tautologies of a specific type,
tautologies, definable with symbols changeable trees, full
Disjunctive Normal Forms and tautologies, given in normal form)
are introduced such, that the polynomial boundness of its proofs sizes
implies the polynomial boundness of proofs sizes for all (or maybe
with some restrictions) tautologies,

c) it is given some results about interesting relations between the proof
complexities of tautologies A. , B, and proof complexities of the
tautologies in a form An+B., where = is AV or o,

2. The essential differences of proof complexities for essentially equal tautologies are

proved in classical and non-classical logics for the Frege systems F, FIL, FML and
sequent systems PC, Pl, PM, Pmon with and without cut rule. It is showed that for
each system there are sequence of tautologies pairs, which are essentially equal and
the lower bounds for proof steps (sizes) of the first tautologies are an order more
than the upper bounds for proof steps (sizes) of the second tautologies for all pairs.
Note that essentially equal tautologies have the same proof complexities in weak
systems.
The investigations of monotonous and strongly monotonous properties (some
re’la‘tions between the proof lines and proof sizes of non-minimal tautologies and its
minimal tautologies) of some propositional proof systems for classical and non-
classical logics show that
a) resolution systems RC, RI and R} are monotonous by proof steps,
s?quent systems without cut rule are monotonous both by steps and
sizes of proofs,
b) the system of generalized splitting method OP and E type systems for
all investigated logics are non-monotonous by proof steps,
c) neither of investigated propositional proofs systems are not strongly
monotonous.

Note that the existence of monotonous and non-monotonous complete systems is
proved at first time.
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WccnepoBaHue HEKOTOPbIX KONWYECTBEHHDIX W CTPYKTYPHbIX XapaKTepUCTUK Pa3TutHbIX
i NOrMYeCcKMx CHCTeM

Pesiome

B AMCCepTaUMM MCCNEAOBaHbI HEKOTOPbIE KOMMYECTBEHHLIE W  CTPYKTypHblE
XapakTEpUCTMKW ANA PAAA NPONO3MUMOHANBHBIX  CHCTEM  BbIBOAOB KNACcCH4ECKOH U
HEKNACCMYECKUX NOTMK, B YaCTHOCTW @) WMCCNefoBaHbl BO3MOMHOCTM MONWHOMWANBLHOMO
OrpaHWYeHNA ANIMH BbIBOAOB B CMCTEMAX pere * KNacCUYECKO NOrukK, 6) cpaBHeHbI
BENWUUHBI C/OMHOCTHBLIX XapakTEPUCTUK BbIBOAOB CYLUECTBEHHO paBHbLIX TaBTONOrMi
(ceKBeHUMIi) B OAHOW M TOW e CuUCTEME BLIBOAOB PasNUHBIX NOTUK W B) BbIABAEHDLI
HEKOTOpbIE CTPYKTYpHblE ~CBOWCTBA  NPONO3MUMOHANBHX  CACTEM  PA3NUHbIX  JOTHK,
3aKNIOYAIOLINECA B BO3MOMHOCTU (MNM HEBO3MOMKHOCTM) BbBIBOJIOB  HE MMHUMANbHDBIX
TaBTONOrMIA NPOLLE, YEM NPEACTABUTENEI X MUHUMANBHBIX AAEP.

B HayuHOW Cpeae NOTMKOB NPONO3MUMOHANBHbIE CUCTEMbI BHIBOIOB AONTOE BPEMA
NONBL30BANMCH HE3ACNYMEHHOW penyTauueil CyLIECTBEHHO TPUBMANbHBIX obuexktoB AnA
UcCnenoBaHuii, OAHAKO B HACTOALILEE BPEMA [OCTaTOYHO BaMHbLIE U MHTPUTYLOULWE npobnembl
COBPEMEHHOIA IOrMKKM OTHOCATCA MMEHHO K MPOMO3MUMOHANBHBIM CUCTEMAM. WuTepec Kk aTum
3ajayaM BOSHWK W MOAOrPEBAETCA [ABYMA HANpaBNEHWAMM: mpobnemamy —asTOMATM3UAM
AOKA3aTENLCTB TEOPEM, OIHOM M3 OCHOBHbIX 3aia4 CO3AAHMA WCKYCCTBEHHOTO MHTENEKTA, &
TaKie OiHON 13 (hyHAaMeHTaNbHbIX NPOBem TEOPUK CIOMHOCTH BbIMUCTEHMWIA.

OpHOM U3 OCHOBHBIX MPOGNEM TEOPUM CNIOMHOCTEN BbIBOAOB ABNAETCA MOCTPOEHHE
«3hhEKTMBHOM»  CUCTEMDBI  BbIBOAOB  ANA KNAacCUYECKO NPOMO3ULMOHANBHOM  NOrUKK.
CuMTaeTcA eCTECTBEHHbIM, 4TO B «3¢hcheKTUBHOIN CUCTEME ANA HEKOTOPOro nonuHoma p
ANMHa BbiBoAa Noboii TaBTONOrMM ANMHBI 1 HE AONMKHA NpEeBbILLaTh p(n). Cook u Reckhow B
yrOMAHYTOR Bbile paboTe Ha3Banu Takylo cuctemy cynep CMCTEMOI M floKasanu, 4To ee
CYLIECTBOBAHWE PaBHO3HAYHO COBMAEHWMIO  KNAccos NP u coNP. [na mHorux
MPONO3MLHOHANBbHBIX CUCTEM BbIABNEHBI NPUMEDDI hopMyn C IKCNOHEHUMANLHON HWKHEN
OLEHKOI CNOKHOCTEH BLIBOAOB, T.6. OHU  HE NPETEHAYIOT Ha CTaTyC Cynep cucTem, HO ANA
onee TPaANLIMOHHDBIX CUCTEM, B HaCTHOCTH A1A CUCTeM Ppere, STOT BONPOC NOKa OTKPLIT.

MHOrve COBpEMEHHbIE WCCNEOBaHMA HEKOTOPbIX «IKIOTHUHECKNUX» XapaKTEPUCTHK
CAIOMHOCTEN BbIBOAOB (Space) Bbi3BaHbl WHbIMM MHTepecamu. OguH M3 Hux CBA3aH C
pewenvem npobnembi BbINONHUMOCTU (SAT problem). Wccreposanua 310ii npobnemb
npoBoaATCA B «cnabbix» cuctemax (Resolution, Polynomial Calculus, Analytic Tableaux,
Cutting Planes, Cut-fee Sequence, Bounded Frege), 4to paet MH(POPMALMIO O NOTEHUNANBHO
HEeOBXOAMMBIX 1A PELIeHUA Npobnembl pecypcax, a 3HauuT, UCCNEA0BaHNA B ITUX cUCTEMAX
TaKie BamHbl.

PellleHnA  BbILLENEPEYNUCNEHHbIX NPoGneM MOMMMO MaTEMATWUHECKOro uHTEpeca,
UMEIOT TaKe NpaKTMYecKoe npumenemue 8 Takvx obnactax, kak Logic, Mathematics,
Machine Learning, Hardware Design Formal Verification, Artificial Intelligence, Operations
Research, Cryptography, Data Mining, 1 T.4., cneaoBaTenbho, 3T UCCNEAOBaHUA BECbMA
aKTyanbHbl.
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~XOO _

OcHoBHBIe pesynbTaThl AUCCEPTALMM CleaytOLLMe:

1. B cucremax Ppere Knacuuecckoii noruku
a) foKasaHa MONWHOMMANbHAA OrPaHWUYEHHOCTb BCEX COMHOCTHBIX XapaKTEpCTUK
BbIBOAOB ANA ABYX MHOMecTB chopmyn (knacca BanaHcuposanHbix [HD, asnaowmxca
TaBTONOrMAMM, d TaKMe ANA HEKOTOPOro Knacca «TPYAHO onpeenAembix» (opmyn,
CNOMHOCTH BbLIBOAOB KOTOPbIX B «CMabbix» CMUCTEMAX OrPaHMYEHbl IKCMOHEHTON OT
AywmHbl hopmynbi);
6) onpepnenetibl yeTbipe knacca chopmyn (chopmynibi creumuansHoro THna, chopmynbl,
3ajasaeMmble 3HaKONepeMeHHbIMM gepesbamu, nonubie JIHD u  chopmynsl
HOPManbHOrO BWAA), NONMHOMMANLHAA OFPaHUYEHHOCTL AfIMH BLIBOAOB KaMAOro U3
KOTOpbIX npusefer K 060CHOBAHNIO NONUHOMUANLHOM OFPAHUYEHHOCTU CNOMHOCTHBIX
xapampufmu BbIBOAOB BCEX (MM C Hanuyuem HEKOTOPbIX OrpaHUueHuid)
TaBTONOr Uif;
B) JAOKa3aHbl WHTEPECHBIE COOTHOLIEHUA CNOMHOCTHBIX XapaKTEPUCTUK BbIBOJOB
tomyn An, Bn u chopmyn, COCTaBREHHBIX M3 HWUX MPUMEHEHMEM KOHBIOHKLMM,
AVSBIOHKUNN 1 UMIIUKALLUK,

2. [inA KnaccuueckMX W HEKNACCWYECKUX NOTWK [IOKA3aHO CYLIECTBEHHOE pasnuuue
CNOMHOCTHBIX XapaKTEPUCTUK BbLIBOJOB CYLLECTBEHHO PaBHbIX TaBTONOrW B
cuctemax Ppere F, FIL, FML u cekeeHumanbHbix cuctemax PC, Pl, PM, Pmon ¢
npasunom cevedma u  6es Hero. [lnA KamoW M3 CWCTEM NOCTpOeHbI
MOCNeAOBATENLHOCTH NAp CYLECTBEHHO PaBHbIX TakuX hOPMYN, YTO A NepBbIX U3
HAX HWHHUE OLEHKM CMOMHOCTHLIX XapaKTEPUCTUK MO MOPALKY BbilE BEPXHUX
OLEHOK CIIOMHOCTHbIX XapPaKTEPUCTUK BLIBOJOB BTOPbIX.

3. MWccnepopaHuem CBOWCTB MOHOTOHHOCTM W CTPOrOif  MOHOTOHHOCTM paga

MPONO3HULMOHANBHX CUCTEM KNAcCUYECKUX M HEKNACCUYECKUX NIOMMK A0Ka3aHO;

a) cucrembl pesomouuii RC, Rl u R] MOHOTOHHbI NO wWaramM BbIBOAOB, BCe
CeKBeHUUanbHble cucrembl 6e3 npasuna ce4eHnA MOHOTOHHBI U MO ANHE U MO Laram
BblBOAOB,

6) cuctema obobuieHHbix pacuiennennii OP w cuctembr tana E ana  Beex
PacCMOTPEHHbIX TOMUK MO LaraM BbiBOJOB HE MOHOTOHHBI,

B) HU OfiHA W3 MCCNENOBAHHbIX MPONO3ULMOHANLHBIX CUCTEM BbLIBOLOB HE ABMAETCA
CTPOrO MOHOTOHHOMA, '

OTMeTHM, 4TO CylIeCTBOBaHNE MOHOTOHHBIX 1 HEMOHOTOHHbIX MOMHBIX CMCTEM J0KA3aHO
BriepBble.
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