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UTUSULLP CU2ULARC APLNREUSPMC

Piduyh  wpphwljwimpmbp:  Ugjowwnwipp  wdhpyws b dniulghntug
Spuwgpuynpdwt ughptbphtc Zknwqnuinipjut wowplut hwighuwind B
wnwig nhwytph A-phpdtpp b nputip oquuuugnpénng dniuljghniwy Spwqpkpp, huy
ghwwplny  hpdvwfwb pebnghpp wyn phpdtph b $miblyghntwy  dpugpbph
nhyuwihtt  Ynobkiunipjut  jughpp: Shwybpp  Spwgpuynpuiwt  (Egnitbpnud
oquuuugnpdymd L wwppbp bwwwwlbbpng, npnughg Gt Spwgpnud  wnlw
nhybph wthwdwdwjinipjut vppwjtkph wykih Jun hwjnbwpbpndp (Uhtgh
Spuqph wopuwwwtpp), npnowlh owwmhdhqughwukph juwwpnudp b wyj: Uju
wohiunwbiph hhdttwljut jinhpp juwduws b dniuljghniwy  Spugpuynpdwis
1Egniutipnud bpp wpgws tyyunwljutinhg wpwehth hpugnpddw htin. uinnighnyg
dpwgnh whwught Ynoknnipniup dhish tpu woiwwnwbpp untuwdty Spugph
wpjuwnwiiph pupwgpnid h hwyn Eynn nhybph wthwdwdwjinipjut ujpwutphg:
Uh owpp spwgpuynpiwit (Eqniikpnid Spugpuynpnnp pugwhuwyn YEpwny sh
ond hudpnplwghw whwybph dwuhtt: Unpuyhuh $niuyghnwg Spugqpuynpdwi
|kqnitikiphg kb htanljuy (kgmiubkpp’ Lisp, SML, OCaml, F# b wy: Uy phupnud
wihpwdbonnipinit £ wowowtnid unbndt) mhybtph wpnwsdwt hwdwlwupgtp,
npniip ogunugnpsynid kb Spugpph mhywjtugdwt  dwdwbwl  thnpdbng
YEpwlwiqul) whwybph dwuht spugpunnponh Ynnuhg sipyws hudnplughwmi:
Shywjuwgdwt wygnphpuutph Jhpwebjhnipjut hwdwp jupbnp guydwb
hwiunhuwtnid wy, np wyy wignphpdubpp whwnp L wwywhndtu hpkug Ynnuhg
nhyuwjtugynny guijugws spugph mhywht Ynoklnnipniup: Ujuhupl, tph wy
wgnphpup nhywjtugund t ndjuy spughpp, wyw nu wpwbwynd E np wyy
Spuqph hwdwp htnbpypiknwnnph woiwwnwuph pupwugpnid st hwunhuybne
mhybph wihwiwduwyunipyut  ujpwjubkp:  Ungnpupwup  oquugnpédynid L
$milyghntiuy  dpwgpbph  hnkpyptnwghuyh  wjbwhuh  wignphpdukp, npnbp
hhdtudws tu nknunpnudubph b nhgnijghwutph ypu: Uyuyihuny, mhywjuugdut
wgnphputtpp  «qupuwynp o dbpdbp  wg pnnp Spwgpbpp,  npnig
hunbkpypbnwughuyh pupwgpnid hwighybnt Eu mhytph wthwdwdwjunipjub
upiwubpn: Umniu Ynnuhg, nhyp ujpwjibp qupnibwlng spugptph htinn dhwupt,
nhyujbugdwb wignphpdubpp jupnn kb «dbpdbpy bwb wyiyhuh Spuqpkp, npoig
hunbkpypbwnwghuyh pupwgpnid wmhyh uppwjakp nbnh skt mubunud: dkEpohtiu
wpwbwlnd k, np mhyuytwgdw wygnphpdutph hwdwp Yuplnp  twlb, np hpkug
Ynnuhg «itpdqtl hugpwb htwpwynp kt phy wjtwyhuh dpwgpbp, npntp nhuh
ujuwubp skt wwpnibwynud: Udhntbing wyu wdbip  bobkup, np $niughniiug
Spwgpkph mhyuyht Ynnknnipjut wetyynn jpunhpubpt wpnhwulwh u:

Uhpwnynny whwybtph wpunwsdut  hwdwlupgtphg b 'wpjuwnwbpnid

! Milner R. A Theory of Type Polymorphism in Programming. Journal of Computer and System
Sciences, Vol. 17, N3, Elsevier Science Pub. Co., USA, 1978, p. 348-375.
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ubipuyugyus hwdwlupgp, nptt wtduunud tu bwlh Hidney/Milner-h hudwlupg:
U hwdwlwupgp Jud bpu dbwhnjujws mwppbpuljn oginugnpdynid £ SML,
OCaml b wy spwgpuynpdwib (Eqnittbpmud: 'wpjpwwnwipmd tkpjuyugymd b
wdthnthynud Eu mpybph wpnwsdwt hwdwlupgbiph hhdtwwt wkuwlubpn:
Pugh wyy, tkpjuyugynid b mywugnmigynid ku nputg hwnynipniutbpp: Shytph
wpunwsdut hwdwlupgbiph hwdwp Jupbnp hwnlnipmit £ twb «gjuwynp
npyuyiugdw»  (principal typing) hwwlnipjnip, npp  Wjupugqpjus b
Lduplumnwtpubipnid: Ujny wphiwnwtptiipnud gnyg £ wipynud twly, np bpp todus
Hidney/Milner-h  hwdwlupgp  sh  pudwpupnd  wyn  hwnlnipjubpn:
HSwohwnwipttipnid ubpjuyugynid £ mhybph wprnwsdwt vk wy) hwdwlupg,
npp UYnsynud E SYSTEM E U pwdwpupnd b «quuwydnp wnhyuwjtwugdwui»
hwnimpuup: U hwdwupgp  tkpjuyugdnud £ dhuytt hwunwwnniiubp
sqqupmiwlnn phpubph hwdwp: Zknbwpup, wpwewinid E uighp phnguyiity wyy
hwdwlwpqp b  hbwnwgqnub] puyuyuus wmwppbpulh  hwnlnipmibubpp
hwunwnmblp wupnmwyny phpdbph hwdwp: Ophtwy phywji]ws SYSTEM E
hudwlupgp pujupupm U E wpynp qiuudnp whywjiugdwi hwnlnipjubp,
ph ns: Zkwwppppnipmi b ikphupuginid il hwunwnnihibp wwpmbwlng
pEpUkpt oquuiuugnpénn $niulghniiwg spwgpbph hwdwp SYSTEM E hwdwlwupgh
puyujudwt b puuyduws wwppbpulh hwnlnippitubph nuntdbwuhpdwt
futghpp:

Pusytu ok Ehip hplnud, mhyuwjiugdw wignphpdutph hwdwp Yuplnp L,
np hugpwd htwpuwnp b phy dpwgpbp «dbpdybiy, npnup hpwlwind wnhuyh
uuwiibp skt wwpnibwlnud:  Zknbwpwp, wowewinid b htwnbyjuy  hwpgp'
hitupunjnp t wprynp unbinst) nhyujiugdwt wyighuh wignphpd, npp Qutpdh»
ponp wyt dpwqpkpp, npnig woltwwuph phpwugpnid wbnh bu niubunud mhuyh
upuwkp b yuhywjuwguh pojnp wyt Spwqpkpp, npntg wohiwwnwph pupwgpnid

! Barendregt H.P. Lambda Calculi with Types. Handbook of Logic in Computer Science, Vol. 2,
Edited by S. Abramsky, D. M. Gabbay, T. S. E. Maibaum, Oxford University Press, New York, 1992,
p. 117-309.

2 Jim T. What are Principal Typings and What are They Good For? Proceedings of the 23rd
ACM SIGPLAN-SIGACT Symposium on Principles of Programming Languages, ACM, New York,
1996, p. 42-53.

3 Wells J.B. The Essence of Principal Typings. Proceedings of the 29th International Co-
lloquium on Automata, Languages and Programming, Springer-Verlag, London, 2002, p. 913-925.

4 Carlier S., Wells J.B. Type Inference with Expansion Variables and Intersection Types in
System E and an Exact Correspondence with f-Reduction. Proceedings of the 6th ACM SIGPLAN
International Conference on Principles and Practice of Declarative Programming, ACM, New York,
2004, p. 132-143.

> Carlier S., Polakow J., Wells J.B., Kfoury A.J. System E: Expansion Variables for Flexible
Typing with Linear and Non-linear Types and Intersection Types. Proceedings of the 11th
European Symposium on Programming Languages and Systems, Springer-Verlag Pub. Co., London,
2004, p. 294-309.
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wmhuh upjpwjubp wmbnh skt mbbkunud: Zhwwppppnipmit b abpluyuginid twb

htnlyw) htghpp' Yuofw's b wpynp epp tpgus hupgh wwnwuhuwbp udug

1Eqyh hunbkpypbwnwwnnphg, pt ny: Ujuyjhuny, hbnnwppppuljut £ nhywjuiugdut
wgnphputbph htwpwynpnipniiibph vwhdwih Logpundwt finhpp:
Uohmuunnmbiph twywwwljn m bghpubpp: Uju wohiunwbiph  hhduwlut

bywwnwlh ot jpughpubpp hbnlyub o

1. Zkwmwqgnub] jupniguspuhtt A-phpdbph b npubp oguugnpédnn dniuljghniug
dpwgptiph mhwywyhtt Ynnknnipjut punhpp, jupnigh] mhybph wpnwsdwui
hwdwlwupg b mhyuytugdwt wignphpdubp wyy phpdtph nt Spuqptph hwudwp
b htwnwqnink) junnigyus hudwlupgh nt wygnphpuubph htwpwynpnipmnib-
ubkpp:

2. Zhwmwgnunk] wnwig nhuybph A-phpdiph nhyuytugdwt SYSTEM E hwidw-
Jupgh pupujudwt htwpwynpoipnibtipp hwunwwnnibibp wwpnibwlng
A-phpdtph U nputp oquugnpénn dniuljghniwy dpwqptph hwdwp, Junnigh
nhyuwjuwugdwt wignphpdubtp wyn pipdtph nt dpuqpbph hwdwp b hknwgnnk
Jupnigws wignphpdubph htwpwynpnipmnibubpp:

3. Zhkwwgnut] hwunwwnntibbp wuwpnibwlng A-phpdbph b gpuip oguiugnpéng
dnrughniiwg Spwgpbph mhywytugdw htwpwynp wignphpdutph htwpwyn-
poipiniutkpp:

ZEwnwwugnuumpjub dkpagubpp: Uoiwwnwipnid oqgunugnpsjus hhnwgnunipiut

Ubpnnubpp ubpupnd Eu wowbg whwybtph A-hwpgh, wignphpdutph nbunipjul,

dwpbdwnhjuljul npudwpwbinipjut b hwipwhwoyh dkpnnubpp:

Upynipubph  tnpmpniip: Unbbwpinunipyut hhdbwljub  wipnynipubpp
htnlbywt k.

1. Qunnigyuspuyhlt A-phpdtph b gpuip oquuwgnpénn niulghniiwy dpwgpkph
hwdwp Yunnigyl] Lt whwybph wpunwsdwy hwdwlupg: Uwywgnigyl) E np
dhlinyt dhgwjuypnid wnhwyuwjuwgynn dniuyghniwy dpwgph b phpdh hwdwp
guijugws  htunbpypbinwghuyh - wignphpup  wpliwnwiph  pupwgpmu
unwgyny phpdbpp skt wupnibwlhh whwh ujowp Unwgdlp Bh bwb
Juopniguspuyhtt A-phpdbph b gpuip oquuugnpsdnng pniulghniiwy Spwugptph
nhyuuwgdwt wytyhuh wignphpdutp, npnup dhpn Juiq i wptnid b hwgnn
wjwpunh ghypnd whyuytugind Bt wpdws phpdp jud - $niblghnug
Spwghpp wdkbwpunhwinip duny, hull wthwenn wjwpwn wbknh b nibbund
dhuyt wybt phwypnud, tpp wpquws phpdp jud  $niulghntiwg  Spughpp
wnhuyuyuwgyny sk tpp tpdws mhybph wpnwusdwt hwdwlwpgnud:

2. Cunpquyidt] £ wpwbg wmhwybph A-phpdiph whwybph wpunwsdwu SYSTEM E
hwdwlwpgp hwunwwnniuilp yupnitwlnn phpdbiph b npup oquuugnpénn
dniuyghniiwy Spwgptph hwdwp: Uwwgnigyl] k np «dhwuhtt b unpdug»
whywjimgynn  spwgph b phpdp hwdwp  dbp Ynndhg ghuwplyng

5
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puwnbpyptnwghuyh - wignphputitph - wpliwwnwtph  plpugpnud  wnwgyny

phpdkpp skt wwpniwlh whwh upwpe: Cugugudl)p £ twb SYSTEM E

hudwlupgnid  wnpwbg whwytph A-phpdiph nhywjiugdut  wignphpdp

hwunwwnniuubp yupnitwlny phpdbiph b nputp oquuugnpénn Pniuljghntiwy

Spwgqptph hwdwp b wmywgmgyk] k np hwenn wwupwnh ptwypnd phpdtph

nhyuwjtugdut wignphpdp gnipu £ phipnud hwunwnmbbtbp ywpnibwlng

ptpup gluwynp wmhyuytwgnidp, hull wihwenn wjupwn nbnh L niukund
vhuyt wyt nphwypnud, Gpp puguydus SYSTEM E hwdwlupgnid wnipjws ptpdp
unpuw] nhyuytwgynn sk:

3. Uyuwgnigyty L, np gqnnipinih snith hwuwnwnniuilp yupnibwlnng A-pipdbph b
npuip oguwgnpdny $niulghniiwy Spwgpbph nwhywjiwgdwi wytyhuh wign-
nhpd, npt punnitnud £ popnp wyb phipdbpp b $nilyghntiwy Spuqpbpp, npnig
huntpyptnwghwh dudwbwl mhyh vjpwukp wnbnh skt niukund b dbpdnid
t pnpnp wyt pipubpp b pniljghntiuy Spugpbpp, npntg htnkpyplnughugh
dudwtwl mtnh b niubumd whyh upjuwutp:

Stumlwi bt Yhpupwlwb wiwlmpmip: Uju wohunmwipnid uinugdus
wpynitpubiptt niikb hyybu nbuwjut, wjuybu  jhpurwulut tpywbwlnipmiu:
Yputp Jupnn Eu oguugnpdyly fbmhngni‘lml Spugpuynpdwtt inp hwdwlup-
giph unbnéuwb dwdwtwl, hyyhu twb Pniulhghntiwy Spwgpbph mhwyuwyht
Ynntlunnipjut punnh ntunidtwuhpnipnibubph hwdwp:

Uunugws wpnmbphbph wypnpughwi: Uwnbkbtwhmunipiut  hhdbwlwb
wpyniipibpp qlljmigyl;  Bu BNZ Spwgpuynpiwt b hudnpulwghnt
mnbkhuuninghwtph wdphnth ukdhttupnid, BNZ hupnpuwnhljuygh b Jhpunwluu
dwpbdwnhljuyh  dwlnyubnh  pughwinip wbdhupond b dhowqquyhte
ghiwdnnnyubtpnud (CSIT-07, Gpliwt, 2007 L CSIT-09, Gplwl, 2009):

Ushumwnwuph hhdttwljut wpyniupbpt pungpdws tu hpuwnwpwlws hhug
wpjuwnwptbpnud:

Usohmuwunwbph jupmgjuéph m swdup: Unbktwjunumpmniip punugus b
ukpwdnipjnihg, kpkp qiuhg, tLqpujugnipniihg b oginugnpsjws qpujunipju
guijhg (45 wunit): Unktwhinunipjut Swwp 149 te t:

UTUSULLE AN UL TUUNREE3NRULE

Uhpwsmpymimd tjuwpugpdnid £ wnktwpinunmipyut hbnwgnunnipjut hhd-
twlwt pughpp, hhdtwynpynmd £ wnbkuwjununipjut phdwgh wpphwjwinipiniup
L unpnipiniin: Zudwenn Yepyny tkphuyugynud £ wphiwnwbph pnduinulynipe-
jnitip:

Qniju 1-p whpdws b jupnigyuspughtt A-phpitkph b npuitp oqunuugnpénn
dnrughntiwy Spwgpbph nhybph wpnwsdwi hwdwlupghtt ot whywjiuwgdwi
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wgnpphpdutphtt b gpuibg hhdbwgnpdwip: Unweht gnijup punugus k hhig
pwdiihg 1.1-1.5:

1.1 pwdumd ubkpluyugynid ki wnwehti qjlunid oquuuugnpéynn uwhdwnid-
ubpp: Yhgnip mubkup VariableName whuybph thnihnjuwlububph wbnituubph
hwoytih b TypeConstant nhytph hwuwnwwnniuttph Jeppuwynp puqunmipiniubpp:

Uwhdwiumu 1.1.1 TypeVariable C VariableName x 2TyPeconstant qanyiaknh puq-
Unipniup Jututkup mhwybtph thnthnwlwuttph puqunipniy, tpk nknh ntukt
htwnlyw) wwplwbbpp'

1. tpk n € VariableName, wwyuw qnjnipinih nibh S € 27ypeconstant yyiinghuht, np

(n,S) € TypeVariable,

2. tipk (n,S,) € TypeVariable 1 (n,S;,) € TypeVariable, muywm S; = S,
3. tpk S € 2Typeconstant - wyyu {n | n € VariableName L (n,S) € TypeVariable}

puqunipniip hwpybh b

Bpt a = (n,5) € TypeVariable, myw n-p juuquikup ¢ thnthnpuwlwh wintt
b Yuowbwljkup Name(a)-ny, hulj S-p Yupwuwlkup Range(a)-ny:

Uwhdwimd 1.1.2 Shwykph Type puqumpmnitp vwhdwinjnud b hunnijnhyg
htwnlywy ding’

1. tpk a € TypeVariable, myu a € Type,
2. tplity,...,Th1 € Type, npbn n = 1, mwu (71 X ... X T, = Ty41) € Type:

Uwhdwimu 1.1.3 Yhgnip 74, ..., 7, € Type, @y, ..., a, € TypeVariable, n = 0: Uy
nhypmid 0 = {a; = 74, ..., @y = T} qnuqhiph puqunipniip Ynsynud k nbnuygpnip-
i, bph wbknh mukh hinbjuy wwpdwibbpp’

1. 7; #a;, npnbni =1, ..n,

2. Lphi # j, myu o; #aj, npnbn i,j=1,..,n,

3. tpti Range(a;) # @, wyw 7; € TypeVariable & @ # Range(t;) € Range(«;),
npubni=1,..n

Uwhdwinmu 1.1.4 Yphgnip 7 € Type b 0 = {a; =14, ..., @y, := T, }-b nkqunpnip-
mi b [o]r-n] Yupwbwlbip wyt whwp, npp vnugynd E T whwhg Gpubmd
ay, ..., @y thnhnpwlwbibph  tnjoupkt Jhwowdwbwmly 7, ...,7, whwybkpp
wbnunpny: Ywukbp, np [o]r whyp wnwgll E 7 whwhg tpu Jpu o
nbnunpnipjut jhpundwb wpnniupnid:

Uwhuwimd 1.15 Yhgnip oy = {@ :=171, ..., Q= Ty} p Loy = {B1 := 11, oo, B *=
Nm}-n whnunpmpnitubp G {a; == [oy]7; | [ox]7; # i =1,..,n}U{B;:=n; | B; &
V1(oy),j = 1, .., m} puqunipjniup Juowbwlkup [6;]01-n] b uuklp, np wyb utnwug-
Jb k oy Lnl:rlu.lqpmp]mhhg‘ upw Jpw o, mbnunpnipjut jhpundwb wpnniupnid:
Ydup sk Wyuwnky, np [02]0;-p tinyuy bu hwinhuwiunud E nknunpnipini:

© National Library of Armenia



Uwhdwimd 1.1.6 @hpdkph Term pwuqunipniip uvwhdwbynud b htungniljnpy
htwnlywy ding’

1. L€ Term i L-ht wbiuunid E nhuh upow)p tkpuyugung phpd,
2. tpl x € TermVariable, myu x € Term,

3. tpl c € Constant, myw ¢ € Term,
4

. pk xq, ..., x, € TermVariable U M € Term, npnkn x; # x;, kppi #j,4,j = 1,..,n,

n =1, wyw (Ax; ...x,. M) € Term,

5. ktpk F, My, ..., M, € Term, npnkn n > 1, wmyw F(M;, ..., M) € Term:

Phpdh mquun thnthnjuwluh qunuthwpp b phpdnud hnthnpwljuh wqun b
Juwdws dninpbph qunuthwpibpp vwhdwiymd & hwjnuh Equwbwlynd: M
pinth pninp wquun thnthnpwluubph puqunipniup Yupwbwlbup FV(M)-ny:
Zuynth tqubwlnyg t vwhdwimd bwb tpynt phpdbiph Ynugpoikunnipyui (=),
p-ntignilighuyh qunuidiwp, dhwpuy f-nhnyghw (—p), f-nhyniyghw (), B-
hwjwuwpnipmt (=) hwpwpkpmpiniiitpt 1 f-nkntpu, f-nknkpuh thwpbpe, £-
unpdw] A quyuthwpubpp:

Uwhdwinmd 1.1.7 f = M Junnygp, npnkn f € TermVariable, M € Term, Juu-
Juikup hwjuwuwpnud: P = {f; = M; | i = 1, ..., n} hwjwuwpnudubph puqunipndup,
npnkn f; # f;, bpp i # j, i,j = 1,...,n,n = 0, juwtdubktp hwjwuwpmudubph hudw-
Jupg: Uju juiduikip thwl hwdwlwupg, tptk FV(M;) c {f1, ... i}, i =1,...,n:

Uwhdwind 1.1.8 X: Constant —» Type wpnwywnpnudp Ynsynid £ hwunw-
uniiubph wpnuuwl: Pdwunwhtt wenidng  hwunwwnniuibph  wpnuuowlynod
wuwhynud &t wnfjuy Spuqpuynpdwi (kqynud oquuugnpéynn phpdiph hwuwnw-
wnntbbphtt Jbkpugpdus whwbtpp: Ujunithbnl, npybugh wdbkt whqud suobup
hwuwnwwnntitbph wyniuwyp, YEipugpbip, np wyt $hpudws k:

1.2 pmdimd tbpluyugynid ku mhwybph wpnwsdwt juinbtbpp, hul] plinpbd
1.2.1-nud wyugnigynud E, np Epk wpjwsd hwjwuwpnudutph hwdwlwupgqu nu
ptpdp whywjuwgynn tu dpbtnygt dhowduypnid, wyw wyy dninph Ypwm
guttljugwsd htnbkpypknwghugh wignphpuh wohiwwbph pipwgpnid unnwgyny
phputpp sk yupmbwyh nhyh upowg:

Uwhdwimd 1.2.1 Yhgnip Xy, ..., x, € TermVariable, ty,...,7, € Type, npunkn
n 20: Uy phypmd H =< x;:7y, .., X! Ty > hwonppuljuimipmitip juiduibkup
dhowuyp: Gpk x € {x4, ..., x,}, myw Juubklp, np x € H: Yuwwnwnpkup twlb htwnbjug
tpwbwlynidlikpp’

1. H+x":7" =< x9:Tq, oo, X1 Ty, x": T >, npunkin x’ € TermVariable L 7’ € Type,
2. [o]H =< xq: o]y, ..., x5 [0]Ty, >, npntin 0-0 mbnuppnipmt
3. tphx €H,x, = x,x; # x,npubin j =k +1,..,nlbk € {1,..,n}, myw H(x) = 75:
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Uwhdwimu 1.2.2 Uhowduyp, phpd, inhy njuljp juijwikip nuwnnnnipniu:
Uyt Ygpbtp htwnlywy nbupny H + M:7 b YQupnyuip H dhowduypnmd M phpdi
nith T nhw:

Uwhtwimy 1.2.3 Ywnnnnipnibtbph wpnwésdwb juinbbtpp hknbyugb b

(variable) ,npinkn x € H,

H F x:H(x)

(constant) ,npuntn s € Constant b o-u mbknunpnipniu k,

H F s:[a]Z(s)

H+x1:T11+ ...+ xp:Tp - M:T
H F(AX1 o X.M): (T X... XTp>T)

(abstraction)

HFF:(11X .. XTn—>T), H+FMpT;, i=1,..n
H FF(My,..., Myp):T

(application)

Uwhdwinid 1.2.4 Yuukp, np 7 nhyp whywjiwgund £ M phpdp, ek goynip-
it muph A dppwduyp wytyhuh, np H = M:7 nuunnmpiniut wpnwsynd k:
YQuukup, np M phpdp nhywjtwgynn b, tptk gnnipjnit nitth wyt nhywjtwgunng
wnpyy: Ywuklp, np M plipdp nhyuwjiwgynn £t H dhowquypmud, kpbk gnjnipeini niuh
T mhy wjbwhuhl, np H - M:7 quunnnipniitt wpnwsynd b Quubkup, np M
pipUp upnitwnid £ npyh upwy, Ept L-u hwinhuwinwd E upu Bhpupbpd:

Uwhdwinmd 1.2.5 Yuuklp, np {f; = M; | i = 1, ...,n} hwjwuwpnudubph hwdw-
Jupgp whyuwybiwgynn bt A dhowjuypnid, tpt H = M;: H(f;) npunnnmpiniuaubkpl
wpunwsynd kb, npukn i = 1, ..., n: Quubkup, np hwjwuwpnidubph hwdwlwupgp
nmhyugyiwugynn L, tpht gqooipmnit niuth A dppwduyp wjuwhuhli, np wy
dhowuypnid wyt mhwywjtiwgynm k:

Uwhdwimu 1.2.6 § € Term? hwpupbpnipmibtp jubuwibkip §-nkynijghugh
qunuthwp, bpk wjit pujupupnid E hinbyuy quypdwibbpht'

1. tpk(M, M) esu(M,M") €5, muyu M' = M",

2. tpk (M,M") € 6, myyu M = c(My, ..., My), npnkn ¢ € Constant, My, ..., My, € Term,
k=21 Yud M= Axq..x. My)(Mq, ..., Mp,), npnkn xy,..,x, € TermVariable,
My, My, ... My, ETerm,n=>1,m=1,n#m,

3. tpk x4, ..., x, € TermVariable, M,M, ..., M, ETerm,n>1, k> 1 un # k, myu
((Axq e Xy MY(My, ..., My), L) € 6,

4. tphk (c(Mq, ..., My),M") € § b wmpunwdynd L H + c(My, ..., M) : T quunnnnipjniip,
nputn T € Type, c € Constant, My, ..., My € Term, k =1, wmyw wpuwsynd k
twl H - M’ : 7 puunnnipnip,

5. tpt gqnmipmit smiuh c¢(My, ..., M) phpdp mhwywjiwginng whw, npubn c €
Constant, My, ..., M;, € Term, k = 1, muyu (c(My, ..., M), 1) € 6,
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6. gnnipjnit nith wignphpd, npp, Untnpnuid unwbwny c(My, ..., M) phpdp,
npubn ¢ € Constant, My,..,M, € Term, k =1, Jbpugupdumd £ M' phpd
wyiyhupt, np (c(My, ..., M) ,M") € § Yud Jbpunupdund k ny, kpk 2M' phpd
wylyhupl, np (c(My, ..., My) ,M") € 6:

Zupnth tnwbwlng uwhiwiynd ki twb dhwpwy §-nhnmiljghw (—y), 6-
nhnniljghw (), S-hujuuwpnipnit (=) hwpwpbkpnipniubpt n §-nknkpu, §-
ntnbtpuh thuplp, §-unpdw) &l qunuthwpubpp: Uju vwhdwidwb dby tpgus bu
dhuy dbp Ynnuhg oquuugnpdynny hmwnlnipinitubpp: §-nkinnijghuyh qunuthwpt
hpwlwiund whkwp L odndws (hth twbh wy] hwwlnipnibubpny, npnup
wihpudbpn & dh  pwpp Yuplnp  winmdblp  wywugmghnt  hudwp
dwutwynpuytu f6-unpuw] Auh vhwulmpiniut wyugnighint hwdwnp:

Uwhdwind 1.2.7 Yhgnip 6-u nplk §-nhgnijghuyh qunuthwp b Uy phwpnud
B U6 hwpwpbpnipniup juwiduubkup f6-ntnnijghuyh qunuthwp: Uhwpwy B4-
nbnniljghw (—ps), fé-nhnmiljghw (ps), Bé-hwjwuwpmpinit (=gs) hwpwupk-
nmipniuttpt nu f§-ntinkpu, f§-nkntpuh thwpbkp, f6-unpdwy A qunuthwupubpp
nwhudwynud Eu hwjntth Enubwlyny:

Uwhdwind 1.2.8 4 hunbpyptunwghwh wignphpedp, Untnpnid unnwbwng M
ptpup & P ={f; =M;|i=1,..,n} hwjwuwpnudutph hwdwlwpqp, YEpugupa-
unwd M phpd wytyhuht, np M'-p B6-unpdwy du L b FV(M") N {fy, ..., fu} = @ Jud
wphuwwnnud E widkpg: Cun npnud, ujubind M ptpuhg, A wignphpdp junwpnd
Uhuyb htnlywy kpkp whuih gnpénnnipjntabikp’

1. phpunwd 3, ..., f, thnthnppwlwbubph npny wquu Uninptph thnpuwphtnd
huwdwywwnwupwbwpwup My, ..., M, plipdbpny,

2. phpUnud vhwpuy) f-nligniljghuyh unwpnd,
3. phpunud Uhwpwy) §-nhnnighugh juwnwpnid:

Ptopkd 1.2.1 Yhgnip M € Term, P = {f; = M; | i = 1, ..., n}-u hwJwuwpnudubkph
hwdwlupg £, A-t hty-np htuntpyplnwghugh wignphpd E huly H-p dhguduyp
Ujp phypnud ket wpuwsynud &b htnljw] guunngmipniiutpp H - M H(f),
i=1,..,nuhHH+M:7, npnkn 7-u hy-np mhy k, wyu M b P dninph hwdwp A
hnbkpyptwnwghuih wignphpuh wphwinwbph pipugpnid winwgynn phpdbpp sku
wupnttwlh whwh uhowy:

1.3 pwdumd ubpluyugnid ki Eplnt mhybph nithhjunnph b wdbkbwnpn-
hwunip mupbhjuwinnph  qunuthwpubpp, bGpint whybph  niuhdhlugdu

wignphpup, hul (Eddw 1.3.1-nid wywgnigdnid k, np nitbhbhugynng nhuybpp
ntwypmid wyn wgnphpup Ykpunupdund £ npuws mhybph wdkbwpughwinip

muhdhlwinnpp, huy wyb whwbph phwpnid, npatp muhPhyugdnn sk
Jtpunupdunid £ No:
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Uwhdwimu 1.3.1 Yhgnip 74,7, € Type: 0 mhinunpnipjubp juiwukup 7; b 7,
whybtph ntthdhyunnp, bpt [olt; = [olt,: Unifiers(ty, t;)-ny Yupwuwlkup 71 b 7,
wnhybph poinp niuhdpjunnpubph puqunipniip:

Uwhdwinmu 1.3.2 YHphgnip 74,7, € Type: Ymuklp, np 71 b 7, mhwybpp ntuthdph-
Ywgnn LU, kpk Unifiers(ty, ;) # @, wjuhiph gqnmpnit muh 7, U 7, whwykph
niuhdhljuwnnp:

Uwhdwin 1.3.3 ¢ € Unifiers(zy, T;) whnunpnipjuip jubwibup t; b v, np-
whph wdkbwpinhwinp nmbh$pjunnp, Lphk guilugws o' € Unifiers(ty, 5)
ntuhppjunnph hwdwp gnympmit nth ¢” whnugpmpnit wjbyhuhy, np
[6']1 = [[0" o]t U [0']z, = [[0"10Tes: Mgu(rs, 7,)-n tipwbwlykiip 74 U 7, whuybph
ponp wdktwpiunhwinip ntthdpjunnpubph puqunipmnibn:

Ujunithbnl ubpluyugynud E Epnt whwybph ntthbhugdw Unify wignphpdp,
npp  (nphtunth miuhdhjugdwt wignphpuh dbwihnpuduws b dbp whwybpht
hwpuwpkgqus muppbpulju t: Unify wignphpdp dninpnid uinwnid | Eplnt inhy
b JEpunupdunid £ nbknunpnipinit jud No:

LEdvwm 1.3.1 Yhgnip 74, 7, € Type: Gph 74 b 1, mhwlipb nithbhljugynn ki, muw
Unify(tq,7;) = 0 € Mgu(ty,7;) Wo = [o]o: bulj kph 71 b 7, whykpl ntuthdhlugyny
sk, wmyw Unify(ty, 75) = No:

1.4 pudimd ubkplujugynd b Junrniguspwjhtt A-phpdbiph nhwywjiugdw
Typify wignphpdp, phopbd 1.4.1-md b phopbd 1.4.2-md wwwugnigynd k, np
hwonn wywpwnh phypnid wyny wignphpdp pomipu b phpnud wpdws phpdh
wdbktwpunhwinip wmhwp, hull wihwenn wjwpwn Jupnny bt jhul] dhug wyy
ntypnd, Epp npjws phpdp nhuywjiwgynn sk:

Etpdtph nhywjtwgdwb Typify wignphpup dntnpnid vnwiumd £ dhpwquyp
n1 phpd b JEpugupdunud £ nbknunpnipjut nt mhuyh qnyq jud No:

Phnptd 1.4.1 thgnip mukup H dhowduypp b M phipdp: H b M dnunph hwdwp
Typify wgnphpup Jbpgwnp puyitiphg htnn Jkpunupdund £ nkqunpnipyub b
whyh qnyq jud No: Cun npnud, kpk Typify(H,M) = (0,7), wmwu [o]H + M:7-u
wpunwdynud k:

Ptopkd 1.4.2 Gpt [o]H + M:7-u wpunwdymd t, wyw Typify(H,M) = (¢',7') b

!

gnjnipinih niith 6" mbnunpmipnit wybyhuhb, np [o]H = [¢”][¢']H bt = [0"]t":

1.5 pwdumd ubpluyugynid k junniguspuht A-phipdtpt oquuugqnpénn hwdw-
nwpnudubipp hwdwlupgh nhyuwjiwgdwt Typify wgnphpdp, phnpbd 1.5.1-nud b
phnpbd 1.5.2-nud wwwugnigynid k, np hwenn wjwpwnh nhwypnd wyn wignphpup
nphyugyiuginid £ mpqus hmdwlupgp wdbkbwpunhwinip duny, hulj whweny
wjwpwn Jupnn Lt jhul] dhugt wy ghwypnd, Gpp wipdws hwjuwuwpnidubph
hudwlwupgp nhyuwyiwugynn st
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Zujuwuwpnudbph hwdwljupgh nhwyuytwgdw Typify wignphpup Ununpnid
unwinud £ vhowquyp nt hwdwljupg b Jipunupdinid £ nbkqunpnipnit jud No:

Phnptd 1.5.1 thgnip mukup A dhowjuypp b P hwjwuwpnidubph hwdwljunpgp:
H 1 P Uninph hwdwp Typify wgnphpup yipowynp pwyjjtkphg htinnn JEpunupa-
unud b wnbnugpnipimt jud No: Cuy npnwd, Gpk Typify(H,P) =0, wyu P
hwdwlwupqnp [¢]H dhgwjuypnid mnhyuytwgynn k:

Ehnptd 1.5.2 Yhgnip P-t hwduwuwpnidubph hwdwlwupg b Gpl ponp ' =M’ €
P hujwuwpnmuubph hwdwp [o]H - M': [0]H(f") guunnnipniit wpnwusymd k,
www Typify(H,P) = ¢’ L gnympmt nith ¢” wbnuppmpmnit wjiyhuhb, np
[o]H = [0"][0"]H:

Qniju 2-p wdhpdws b hwunwwnnitbp wupnibwlng A-phpdiph b gpuip
oquuugnpdnn  dniuljghntmy  Spwgpbph  hwdwp puguyudus  SYSTEM  E
hwdwljupghtt m whyuwjiugdwt wgnpppdutphtt b gpubg hhdtwynpdwip:
Bpypnpn gnijup punljugws Ehhiq pudhg 2.1-2.5:

2.1 pwmdind ubkplugugynid Lt Epypnpn qlunid oginuugnpéynn uwhdwbind-
utpp: Yhgmip niubup TypeVariable whwybph thnthnjumfwbutph  hwoybh
puqumpnitp, (ExpansionVariable, <) punupdwlnn thnthnjuwlwbibtph hwodth
b 1y Jupquynpyuwsd puqunipmniip b TypeConstant nhwtiph hwuwnwwnnitubkpp
Jtpowynp puqunipjnip:

Uwhdwimd 2.1.1 Shwykph Type puqumpnitp vwhdwignud b hugmijnhy
htwnlyw dng’

. w € Type b nyynid £ wtinpny mhuyy,
. tipk a € TypeVariable, wmyu a € Type,

1
2
3. kpk s € TypeConstant, muyw s € Type,

4. tpt e € ExpansionVariable i T € Type, muu et € Type,

5. kpt t; € Type LT, € Type, myu (11 = 1) € Type,

6. tpti v, € Type L, € Type, myu (71 N 7,) € Type:

Cln npoudd, punjwpuipnud ko hbnbyuy wwydwbbbpp'

1. (1N Nn13)) =ty NT)NT3) 2. (1 NTR)=(1,N7y) 3. (wNT)=T7
4. e(ty N1y) = (et Nety) 5. ew = w,

npukin 74,75, 73,7 € Type le € ExpansionVariable:

Uwhdwinmu 2.1.2 Cugupdwlhsutph Expansion puqunipniip uvwhdwynd
hunmnhy htwnlywy diny

1. w € Expansion b §nsynid E wmunpny punupdulhs,

12
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2. tphk -t mbknunpnipnit £ (nknunpnipjut vwhdwinudp junwbp vnnpl), wyu
o € Expansion,

3. tpk e € ExpansionVariable W E € Expansion, wuyyu eE € Expansion,
4. tphk E; € Expansion i E, € Expansion, wuyu (E; N E;) € Expansion:

Uwhdwimy 2.1.3 Yhgnip ay, ..., a, € TypeVariable, 14, ..., 7, € Type, ey, ...,ey €
ExpansionVariable, E, ..., E,, € Expansion, n,m = 0: Uy nypnud 0 = {a; =14, ...,
Qp 1= Ty, e = Eq, ..., ey = Ep} qnuyglinh puqunipnibp Ynsynd £ mbnunpmipintt,
ipt nbinh ikt htwnlyw) wwjdwbibkpp'

1. bpki # j, myu a; #aj, npubn i,j=1,..,n,
2. kpki # j, muyw e; # ¢;, npunkin i,j =1, ..., m:

Uwhdwimu 2.1.4 thgnip ey, ..., e, € ExpansionVariable, npintin n = 0: U nhw-
pnid e;e; ... e,-p qubjwikip E-dwuwuph b Juowbwlkip é-ny € = eje, ...e,:

Uwhdwind 2.1.6 Uwhdwbwhwlnudubph Constraint puqunipiniip vwhdwb-
Ynud E htgniinhy hknlbyuy ding'

1. w € Constraint i nyynmid £ winpny vwhdwbwthwlynud,

2. tptt; € Type Lty € Type, muyu (1, = 1) € Constraint,

3. tpt e € ExpansionVariable W A € Constraint, muu eA € Constraint,

4. tipliA; € Constraint WA, € Constraint, muyu (A; N Ay) € Constraint:

Cty npmd, pujuipupnid ku htnbyuy wuydwbikpp'

L (A1n (A NnA))=((A1NA)NA) 2. (AiNA)=(An4A) 3. (wNA)=A
4. e(AyNAy)) = (eA; NeAy) 5. ew = w,

npukin Aq, Ay, Az, A € Constraint W e € ExpansionVariable:

Uwhdwinmu 2.1.7 Yuwuklp np A vwhdwbwhwlnudp msdus L, tpk wyt nith
hbwnlywy nbupp’ A = &;(7; = 71) N ...N E,(Ty = T,), 1 = 1 jud A = w: unsolved(A)-
n] Yhpwbwlkip A-h wyb wdkbuhnpp dwup (wdbbutnpp wuking wyunby
hwuljwunud tup wdbkuwphy N gqopénnnipit Wwpnibwlnnp) wybyhuhl, np
A = unsolved(A) N A" b A'—p nsywd b Unwugynud k, np A’ vwhdwbwhwlnidt i
A-h wdktwdks (nidqus dwul b Ihpohtiu i Juowbwlkup solved(A):

“Yhgnip niukup TermVariable phpuh thnthnfuwljwtiitbph hwoykih puqunipmniup
b Constant ptipdh hwunwwnniiubph hwoybh puqunipiniup:

Uwhdwimd 2.1.8 @hpdkph Term puqunipniip uvwhdwiynud b hungniljnpy
htwnlywy ding’

1. 1€ Term b L-htt mwbnud Et mhwh upawp tkpuwywugung phpd,
2. tpl x € TermVariable, myu x € Term,
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3. tpk c € Constant, wmuyw ¢ € Term,
4. tipk x € TermVariable W M € Term, wyw (AxM) € Term,
5. Gpk M; € Term W M, € Term, muyw (M, M,) € Term:
Zujnth Enutwynyg b vwhdwignud tpynt phpdbph Ynugpmiktnnipyut (=)

qunuthupp: Bhpdh wquun hnthnwlwih quyutwpp b phpdnid hnthnpjuwljuth
wquu b juwuws dninpbph qunuthwpubpp tnyuybu vwhdwiynud Bu hwjnth

Enuuwlny: M phpdh pninp wquun thothnjuwfuutbph puqunipniip fupwbwltup
FV(M)-ny: Zwjnth tqubwlnd th vwhdwiynmd twl f-phgnijghuyh qunuthup,
Uhwpuy) f-ntnniighw (—p), f-nknmljghw (=), f-hwjuuwpmpinih (=) hwpw-
phpnipinitiibipt mu f-nbnkpu, B-nbknbpuh thwpbkpe, f-unpduw; &t qunuthwpubpn:
Pninp B-unpdwy dukph puqunipiniup Yupwbwltup f-NF-ny:

Uwhdwinmu 2.1.9 Ydwjuputph Skeleton puqunipjniip uvwhdwiynd  nklnip-
uhy] htnlyuy dling

kpk M € Term, muyyw w™ € Skeleton,

tpt ¢ € Constant Lt € Type, muyw ¢'* € Skeleton,

tpt x € TermVariable Lt € Type, myu x* € Skeleton,

tpt e € ExpansionVariable 1 Q € Skeleton, wmuyjw eQ € Skeleton,
tpk x € TermVariable L Q € Skeleton, mujw (Ax. Q) € Skeleton,
tphk Q; € Skeleton L Q, € Skeleton, muw (Q1 N Q) € Skeleton,

N o Uk W=

tph Q € Skeleton L Q, € Skeleton 1T € Type, muyu (Q1Q,)" € Skeleton:

2.1.12 1 2.1.13 vwhdwinidubpnid vwhdwignud E, ph by £ upwbiwlnid Yhpwunty
punupdwlhsp whwh, Ydwjuph, vwhdwbwhwldwt jud pugupdwlhsh pu: X
opjtjunnh Yypw E punupdwlhsh jhpwenidp tpwbwyynud £ [E]1X-ny:

Uwhdwinmd 2.1.14 CType c Type puqumpmniip uwhdwiynd E puagnmijunpyd
htwnlywy ding’

1. kpt s € TypeConstant, myw s € CType,
2. tphk s € TypeConstant Lt € CType, muyu (s = 1) € CType:

Uwhdwinmu 2.1.15 %: Constant —» CType wpunuuyuunltpnudp Ynsdnid £ hwu-
tnwwnnibubph wpyniuwl: Pdwunughtt wnndng hwunwwnnitibph wpnuuwlynod
wwhynmd o wju Spwgpuynpdwt  (kqynud  oquumuqnpéynny  phpdkph
hwunwwunittbpht Jepugpyué wnhwybpp: Ujunthbnl, npybuqh wdkt whqud
sokp hwuwnwwnniutkph wyniuwlp, YEupwugpup, np wytt $hpujws b

2.2 pmdumd ubpluyugynid ki mhuybph wpnwsdwt juunubbpp, hulj plinpbd
2.2.1-nud myugnigynid E, np «inpdwpy nhuyutiwgynn phpdh hudwp dkp §nndhg
nhunwunplynn nbgnijghnt unpuntqhwibph wyhtwwuph pupwgpnid mhyh upaug
wntnh sh niubkunud:
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Uwhdwimd 2.2.1 A:TermVariable - Type wpunuwyunljbpnidp Unsynd E
Uhowyuyp, tpt {x | x € TermVariable L A(x) # w} puqunipniup wupnibwynd &
YbEpgunjnp pym] Fikukntbp: Ujuhtpt dhounjwjpp dhwy Jipguwynp pymy ppuh
thnthnpuwlutttph E wpnwuyunljtpmd w-hg mwuppbp nhwybph pue: Uju jupkh
t qph] qnugbph puqUmpjui wnbkupn] twh A = {(x,A(x)) | x € TermVariable}:
Yunwpkip hbnlyw] bpwhwnidibpp

1. Alx =» 7] ={(y,A(y)) | y € TermVariable by # x} U {(x,7)},
2. AnB = {(x,(A(x) N B(x))) | x € TermVariable},

3. eA = {(x,eA(x)) | x € TermVariable},

4. [E]A = {(x,[E]A(x)) | x € TermVariable},

5. env, = {(x,w) | x € TermVariable},

nputn 4, B-u hgpwjuwynkn b, e € ExpansionVariable, x € TermVariable, T € Type
L E € Expansion:

Uwhdwimu 2.2.2 @tpd, Ylwlup, vhowuwyp, nhy, vwhdwbwhwlinud huguyp
YJwijwikip nuungmpmit: Ujn Ygpkbp hlnljw) nbkupnd (M & Q): (4 + 7)/A:
Quunnnnipjut htwunp Juyuind Ehinbjumd’ Q- hwinhuwinid E wuyugnygh
wji pubih, np (4 F7) qnuygp nhyuybugimd M phpdp wupdwing, np A-t
Insqwsd k:

Uwhdwimid 2.2.3 dunnnnnipjnibbiiph wpunwsdwi jubntbbpp htnbjugb bo

(variable) (xexT):(envy,[x-T]FT) /0
(COTLStCLTLt) m s npmhrl T= E(C)
(omega) , npntin M-p sh wupnitwynud L Eupuptpd

(MewM):(envyFw)/w

(M>Q):(A+T)/A

(E — variable) (M>eQ):(eArer)/ed

(M>Q):(AFT)/A
((Ax.M)>(A1x.Q)):(A[x—w]+(A(x)—T))/A

(abstraction)

(M1>Q1):(A1+71)/ Ay, (M3>Q2):(Az2FT2)/ A,
((M1M3)>(Q1Q2)™):(A1NA2FT) /D1 NN (T, =(T2>T))

(application)

(M>Q1):(A1+T1)/ A1, (M>Q3):(A2kT2)/ Ay
(M>(Q1NQ2)):(A1NAz(T1NT5)) /A ND, *

(intersection)

Spynud B twl «phlpdp whywjwgyny b, «@hpdp ywpnibwlnud E wnhyh
upawp», «unpdw] mhyuytwugnid» hwulugnipnitubph b phpdp nhwywjiuging
dhowuyph nt mhuyh qnygh vwhdwunidubpp:
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Uwhdwinmu 2.2.7 Guukp, np (4 + 1) qnuyqp M plipdh giluwynp nhuyuyuugnidi
E Epbk wyt mhyuwytwugund £t M phpdp, b M phpdp mhywjiugung judwjulub
(4" + 1) qnuygh hwdwp gnynipnih niuh E punupdwlhy wyayhuht, np A’ = [E]A L
v = [E]n:

1.2.6 1 1.2.7 vwhdwiudwindubphtt tdwtwnhy tquwiwlyny vwhdwiynid tu
twl §-phnnighwih quyuithwpp b f§-nkgmyghugh qunuihwpp:

Uwhdwind 2.2.13 R: Term — Term wpunnuyuwnltpnidp Ynsynmd & B§-ntigniy-
ghntt uinpuntighw, kpk guliljugws M ppdh hudwp M s R(M): Cuny npnud, bpk
M phpdp B6-unpdwy &l sk, www gqnmipinit mith M; phpd wybwhuhl, np
M —pgs My »gs R(M): R uinpunkghwb juifuibkip vhwpwy, kpt gutjugus M
ptpuh hwdwp, npp f6-unpuwy db sk, M —ps R(M):

Spynud B twb unpdw) Ydwpph b Fé-nbpnmighntt unpwunbqhwubph (%)
hwwunlnipjut vwhdwiunidukpp: Gpypnpy gunid ghnwplynud Eu Jhuy wytyhuh
Bd-ntnniljghntt unpuntghwbp, npnup pujwpupnud u (%) hwnlnipjutp:

Phnptd 2.2.1 Yhgnip M € Term, R-p nplik f5-nhinnilighntt unpuinkqhw £ b Q
unpdw) Ydwppp M phpdh mhyuwjiugdwt §dwhp b U phwpnd M phpuh
hwdwp R unpwunbghwjh wojuwwnwiph pupwgpnid uwnwgynn phpdbpp sku
wupnttubh whugh uho;

2.3 pwdunud ubpjuyugdnid ki muhdbhlugudwls Yubnbubpp, npnup Lu unifyg,
unify, b unify.: Ujunithtnl thpljuyugynud E nmuhbhljugdw Unify wiqnphpp,
npbt oquuwugnpstny Ykpp wyws bpkp niuhdphjugdw juwinbubpp, thopdnd k
1nst] mpus vwhdwtwthwlnudp: Ujn wignphpedp dninpnid uvtnnwtnid k spnisqus
uwhdwiwhwlnd b Jhpugupdind L wjtt ndnn  wbnunppmipniy, jud
wjupunnd Ewohiwnwiph wmthwgnnnipjudp, Jud b wppuwwnnid £ witipg:

2.4 pudunmd ukpjuyugynid E hwunwwnnitibp yupniiwynn phpdbph nhuwyg-
twgdwt Typify wgnphpup, hul] ptnpbkd 2.4.1-nuid wywgnigynid t, np hweny
wjupwnh phypnid tkpiuyugué wignphpdp gmipu b phpnud wipdws ptpdh
g uwynp mhywjuwgnidp:

Typify wignphpup dninpmid uvnwind £ phpd b JEpugupdund £ npus
ptpup mhyuwytwgunn vhpwyuyph b mhyh qnyg, jud wjwupunmd E wpjwnmwtpt
withwennmpjudp, Jud b wpjuwwnnid |k w]bpe:

Phnptd 2.4.1 Yhgmip M € Term b qnmipnit nibth M pipd uybyhupl, np
M-z MU M e B-NF: Uy ntypnid nkinh nilh hknbjuyp
1. &phk gnnipinit nith M -h wjtyhuh mhywjuugnid, nph wpnwsdwt dudwbiul

sh ogiugnpdynid (omega) Yuuntp, wmww Typify(M) Juist wjupuynud L

hwonnnipjuup,

2. tpk Typify(M) = (A + 1), mwyu (A + 1) qnuqp M-h quwnp nhwyuybiugnidi
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2.5 pudumd ubkpljuyugynid E hwuwnwnniiibp qupnitwlnn phpdtpny juqu-
Jwd hujwuwpnudubph hwdwlwupgh whywjiwgdwu Typify wmignphpup, phnpbd
2.5.1-mud mywugmgynid t, np «dhwuhtt b unpdwp» mhywjtugynn hwjwuwpnid-
ukph hwdwlwpgh b phipup hudwp dkp Ynnuhg nhnwplyny htntpypknwghugh
wgnphpuutph woluwwnwuph pupwgpnid wmhyh upjuw] nbnh sh niukunwd, huly
ptoptd 2.5.2-nid wywgnigynid k, np hwenn wdwpwnph phuypnid dtpp todus
wgnphpUt hpnp mhyuwjuwugunid £ npduws hwjwuwpnidubph hwdwlwpgp:

Zujuuwpnidubph hwdwlupgp vwhdwiynwd £ 1.1.7 vwhdwidwb hwdwdwg:
bPuntpypbunwghuh wignphpdp vwhdwiymd t 1.2.8 vwhdwbdwt hwdwdwyju:
Spynid k. twlb  Ydwjupubph hwdwwnbnbjhnipjut, hwdwlupgp unpdug
nhwyuwjtwugunn uwpptubph b hunbkpyptunwghwih wignphpdutph (**) hwnlnipe-
jut  uwhdwbnuwdubtpp: Bpypnpy  qund  ghunwplynud Bt Jhugn wyiyghuh
hunbkpyptnwghuwgh wignphpdubtp, npnup puupupnd B () hwnlnipjutn:

Ptnpkd 2.5.1 Yhgnip M € Term, P = {f; = M; | i = 1, ...,n}-u hwjwuwpmdubph
hwdwljupg k, A-u htnbkpypbunwghuyh wignphpd k, Q4, ..., @ P hwdwlwupgh
hwdwp unpuiw] mhyuwyiwgnd £ b gnynipinih nith Q, ..., @p-h htiin hwdwwnbtnth
unpdw) Q Yuwhip wytyhuht, np wyt M-h mhywjtugdwi Ydwpp b Uyn nypnid
M 1 P Uniinph hudwp A wignphpuh wyhiwnwph pupwugpnid unwugynn phpdkpp
sk wupnibwlh nhuh upowyg:

Zujuwuwpnidbph hwdwljupgh whwyuytwgdw Typify wignphpup Ununpnid
unwinud E hwjuwuwpnidutph hwdwlupg b ykpungupdunid gyt nhywytwgung
Ydwpupubtpp, Jud wopwwnmd b widbpe, jud § wjupunnmd L wojuwwnwipt
whwennmpjuudp:

Ptopkd 2.5.2 Thgmp mubkup P = {f; = M; | i = 1, ...,n} hwdwlupqp: Uy nhy-
poud, ek Typify(P) = (Q4, ..., Qn), muqut Q4, ..., Q-p P-h tnpdw) nmhwyuwywgnid t:

Qnifu 3-p whpws £ nuyghnbiw sSpugpbph nhwyuht ynekljnnpyub ptgph
hwdwp unwugyus wiynistjhnipjutt wpyniuputpht: Gppnpy gnitup punjugus b
kpynt pudihg' 3.1-3.2:

3.1 pudumd ubpjuyugynid ki Gppopn glunid oqunugnpédynn uwhdwinidubpp
b wyt puuwljub wpynitpubpp, npnup puws ki 3.2 pudunid unugus wiynisk-
1hnipjutt wpynitputiph wywgnigdwt hhupnud:

Btpdtph Term puqunipnitp vwhdwignd E hwdwdug 2.1.8 vwhdwdwb:
Zuynth Enuiuwlny vwhdwiynud  jphun f-unpdwihqugyny phpdh qunudthwpp:
1.2.6 1 1.2.7 wwhdwinudubpht tdwbiwnhy tnuiwlnd vwhdwiynmd tu twb
§-ntgmyghwih qunwthwpp b f§-nkyniyghuyh qunuihwpp, hul nhyniyghnt
unpunbkghwut vwhdwiynud k£ 2.2.13 vwhdwiudwb hwdwdwju:

Uwhdwimd 3.1.3 Terml € Term pwqunipjniip uvwhdwiynd t hugmiljnhy
htwnlywy dng’
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1. tpk x € TermVariable, muyw x € Terml,
2. tpt x € TermVariable, M € Terml W x € FV(M), wmuywu Ax. M € Terml,
3. kpk My, M; € Terml, muywu My M, € Terml:

Phnptd 3.1.1 (Church, Rosser) Yhgnip M € Terml: Gph M phpdl niith f-unpuuy
&ll, wmyw wjtt juhunn F-unpiwhqugyny k:

Ubkpjujugubup puwlwt pdtph Ynpuynpnudp Terml puqunipjub ptpdbph
Uhongny b Uh pwth wy) ogunugnpédynn tpwbwlnidutp:

1. I = Ax.x,
2. MM’ = M', M™M’ = MM™M’, npantn M, M’ € Terml, n > 0,
3. Co = Axy.xlly, C, = Afx. f™x, npnntin n > 0:

Uwh'wmy 3.1.4 Thgnip nibikip ¢: 4 - N pupwbwmfub dnityghui, 4 € N*¥ b
k > 0: Quubkup, np M € Terml phpdp ubpjuyuginid k¢ dniulghwts jud ¢-u
tbpluyugmd kM phipdny, bpb
L Eptng, ..,ng E AL @(ny, ..., 1) = m, wyqu MGy, ... Cp, =p Cpy,

2. kpkng, ..., ng € A, g MGy, ... Gy, phpdp smtth f-tinpuwy dh:

@topkd 3.1.2 (Kleene) ¢: A —» N plupwbwlub dnitljghwl, npnky 4 € N* U
k > 0, ukipuyugymd k Term! puqunipjut npbkt ptipdh dhgngny wy b dhuwyl wy
nhwpnud, Gpp @-u dwubwlh upgpipwg $niulyghw k:

3.2 pudumd wuyyugnigynid ki dniiljghntiwy Spugpbiph wnhuyuyhtt Ynnkljnnip-
jwt pjunph hwdwp unwgdws winiskihnipjut wpynitiputpp (phnpbd 3.2.1,
ptnpbkd 3.2.2, ptinpbd 3.2.3 & phinpkd 3.2.4):

Yuwnwpkip htnlyw] tpwbwlnidp” RO(M) = M, R™(M) = R(R™(M)), npuntn
R-p hminhuwnud £ hug-np f6-nbnnighnt unpuwintqhw, M € Term bn = 0:

Uwhdwinid 3.2.1 Thgnip M € Term b R-p hwiinhuwinud k nplik f§-nknnijghnt
unpuwnbkqhu: Yuubtp, np M phpdp wwpmbwlinud - whwh upw; R
unpunkqhund, tpk qnnipnit niuh 7 = 0 wytiyhuhb, np 1-u hwinhuwind £
R™(M) ptpuh Gupwphpd:

Uwhdwinid 3.2.2 Yhgnip M € Term b R-p hwiinhuwinud k nplik f§-nknniljghnt
unpunbkqhu: Ywubklp, np R unpuwnbghwjh wppimwnwupp M phpdh Jpu
Ykpouwynp k Lptk gnmupmtt mith 7 =0 wjiyhuhl, np R™1(M) = RM(M):
Zujunwly ghypnid fuubp, np R-h wpuwnwipp M phpuh ypu widbpe b

Phnptd 3.2.1 Yhgnip R-p hwinhuwumd E nplk f§-nknnijghntt unpunbkghw:
Uy nhiypnud gnynipnitt snitth wjuwhuh wignphpd, npp, dnunpnid wvnnwbwny M
ptpdp, Jhpunupdund £ wyn, tpk M-p sh wupmbwiynid whwh upjuw; R
unpunbkqhuynd b Jkpunupdunid £ ny, kpt M-p yupnibwlnd £ wnhyh upawg R
unpuwnbkqhuynud:
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Phnptd 3.2.2 Inynipinit snith wytiyhuh wignphpd, npp, dntnpnid utnwbiwny
M ptpup, JEpunupdunid £ wyn, tpk wjt sh wwpnibwynid wmhwh ujuw) nplt g6-
nhnnilghnt unpunbkghugnid b JEpugupdind  ns hwljunwl) ghypmd’ kpk M-p
wupniuwlnid £ wmhyh ujuw) gutjugws f6-nkinnijghnt unpuntghuynid:

Phnptd 3.2.3 Gnynipinit snith wjtiyhuh wignphpd, npp, dntnpnid utnwbiwny
M ptpdp, yEkpunupdund b wyn, Epk M phpdp sh wqupmbwynd whyh vpuwyg
gutjugws Bé-nhnniljghnt unpunbkghwmd b Jhpugupdunid E ny hwljunuly
nhypmd  bpk M-p wupmbwlimd E whwyh upw; npbk BS-nkpnilghni
unpunbkqhuynud:

Ptopkd 3.2.4 Thgnip R-p hwiunhuwtnwd k nplk f§-nhnmiljghnt uinpunbghu:
U ghwypmid gnynipinit sniith wytwhuh wygnphpd, npp, dntnpnid unwbwiny M
ptpdp, Jhpunupdund £ wyn, tpk M-p sh wupmbwinid whwh upjuw; R
unpunbkghunid b R unpuwnbghuyh wohwwnwipp M-h Jpu Jbkpowynp E b
Ybpunwpainid t ns hwlwpwl nhwypmd, wjuhbipl bph M phpdp wwpnibwymd
wnhyh upwy R unpunbghwmd jud R unpunbtghujh woiwwnwupp M phpdh
Ypw wudtpy k:

UTIUSULLD ZhULUYUL UM3NkhLLLErt

Uwnbktwpununipniinid uinwgyl) Eu hbnlyw hhdtwlwt wipgyniuputpp.

1. Qunnigyuspuyhlt A-phpdtph b gpuip oquuwugnpénn niulghniiwg dpwgpkph
hwdwp Yunnigyl] Lt whwybph wpunwsdwy hwdwlupg: Uywgnigyl) E np
dplinyt dhowjuypnid wnhwyuwjuwgynn $niuyghniwg dpwgph b phpdh hwdwp
guijugws  htunbpypbnwghugh - wignphpup  wpliwinwiph  pupwgpmu
unwgyny phpdbpp skt wuwpnibwlhh whwh ujpwp Unwgdlp Bh bwb
Juopniguspuyhtt A-phpdbph b gpuip oquuugnpsdnng pniulghniiwy Spwugptph
nhyuuwgdwt wytyhuh wignphpdutp, npnup vhpn Juiq i wptnid b hwgnn
wjwpunh ghypnd whyuytugind Bt wpdws pipdp jud  $niblyghntug
Spwghpp wdkbwpunhwinip duny, hull wthwenn wjwpwn wbknh b nibbund
dhuyt wybt phwypnud, tpp wpquws phpdp jud  $niulghntiwg  Spwghpp
wnhyuwyuwgyny sk tpp tpdws nhytinh wprnwsdwt hwdwlupgnud, [1]:

2. Cunquydt] £ wowbg whwybph A-phpdiph whwybph wpunwsdw SYSTEM E
hwdwlwpgp hwunwwnniuilp yupnitwlnn phpdbiph b npup oquugnpénn
dniuyghniiwy Spwgptph hwdwp: Uwwgnigyl] k np «dhwuhtt b wnpdug»
whywjimgynn  spwgph b phpdp hwdwp  dbp Ynndhg ghuwplyng
huwnbpyptnwghuyh - wignphputitph - wphwwnwbph  plpugpnud - winwgyny
pipubpp sk wwpmitwlh whwh v Cunuyidtp B twb SYSTEM E
hwdwlwupgmd  wpwlg whwybph A-ptpdiph nhyuwjiugdwt  wignphpdp
hwunwwnniuubp wupnitwlny phpdbiph b nputp oqguuugnpénn Pniuljghntiuy
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dpwgptiph hwdwp b wywgnigyty k, np hwenn wjwpwnh phypnd phpdtph
nhyuwjuiwugdwt wignpppdp noipu b phpnid hwunwnnibibp ywuwpniiwlng
ptpuh qluwynp mhyuwjiugnidp, hull wbhwenn wdwpun wnbknh E mbbunid
dhuytt wy nypnud, tpp punuyujus SYSTEM E hudwljupgnid npjws phpdp
unpuw) nhwywytwgynn sk, (2], [3], [4]:

. Uywgnigyt) L, np gnjnipinil snith hwmunwwnnibibp yupnibwlnn A-pipdtph b
npuip ognwgnpédnn niuljghniiwy Spwugpbph mhywjiugdwi wytwhuh wign-
phpd, nptt pupmitind £ pojnp uwyn phpdbpp U $niuljghntwy Spwgptpp, npnig
hunbpyptinwughwih dudwiwl whuyh vhwjubp nbnh skt mubunid b Jkpdnud
E popnp wjn plpdbpp U pniihghntiwg Spugpbpp, npnug pnkpyptnwghugh
dudwtwl ntnh G nukunud nhwh upuwukp, [5]):
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PE3IOME
Apaxkesnsas Apa 'aiikoBuy

“O THIIOBOI KOPPEKTHOCTH (PYHKIMOHAIBHBIX IIPOrpaMm”

JuccepranvonHas paboTa IocBsieHa IpobreMaM GyHKIIMOHAIFHOTO IPOrPaMMUpPO-
BaHuA. OOBEKTaMU HCC/IeIOBAHUSA ABIAIOTCA OECTUIIOBBIE A-Te€pMBI U (PyHKI[HOHAIbHbIE
IIPOTPaMMBI MCIIOJIB3YIOLIYE TaKHe TepMbl, 8 OCHOBHOM IIpo0ieMOll ABIAeTcA 3afada o
THUIIOBOI KOPPEKTHOCTH STHX T€PMOB U IIpOrpaMM. B s3bIKaxX IIpOrpaMMHUPOBAaHUS THUIIBI
KCIIONB3YIOTCSA B PasHBIX IeNaX: [AjId OOHapyXXeHUA OWMOGOK HECOOTBETCBUA THIIOB B
ImporpaMMme JO Hayaja eé paGOTHI, AJIS BBIMOTHEHHUSI HEKOTOPHIX ONTHUMM3ANUN U T.T.
OcHoBHas 3a7aya JAaHHOM pabOTHI CBA3aHA C IIEPBOM M3 BHINIEYIOMAHYTHIX ILiejeil It
(YHKIMOHAJIBHBIX IIPOTPaMM: H30eraTb OWIMOGOK HECOOTBETCBUA THIIOB BO BpeMd
BBIIIOJIHEHUA IIPOTPAMMBI IIyTEéM IIPOBEPKM €€ TUIOBOM KOPPEKTHOCTH JO Hadasa
paboTh IporpaMMbl. B HEKOTOPBIX A3bIKaX IPOrPAMMUPOBAaHUA He HaéTcsa nHGOpMaLUs
0 THIIaX SBHBIM o6paszoM. IIpumepamu Takux GQYHKIIMOHATIbHBIX A3BIKOB ABJAIOTCA Lisp,
SML, OCaml, F# u T.15. B 9Tux ciy4asx mosBisercs HEOOXOLUMOCTh CO3ZAHHUA CHCTEM
BBIBOZA THUIIOB X QJITOPUTMOB THUIIM3AIlMHM, KOTOpble IIBITAIOTCA BOCCTAHABUTH
He/[OCTAIONIyI0 MHPOPMALIUIO O THUIAX IIporpaMM. /IJIf aJIrOpUTMOB THIIM3AIIUK BaXHO,
YTOGBI OHM TapaHTHUPOBAIU TUIIOBYIO KOPPEKTHOCTh TUIIM3UPYEMBIX MMHU IIPOrpaMM. To
€CTh, €CJIM HEeKOTOPBHIM aJrOPUTM THUIM3AIMM TUIIU3UPYeT NPOTrpaMMy, TO BO BpeMsd
GYHKIIMOHMPOBAaHMA MHTEPIIPETaToOpa, B CiAy4ae /JaHHOW IIPOTpaMMBI, OWIKOKa
HECOOTBETCBUA THIIOB He JO/DKHA BOSHUKHYTh. B OCHOBHOM HCIIO/IB3YIOTCH aJITOPUTMBI
MHTEpIpeTalliy OCHOBAHHBIE Ha IIOACTAHOBKAX M PeNyKIUAX. VI3 BhINIeCKa3aHHOTO
CllefyeT, ITO aJTOPUTMbI TUIIM3ALMK AOJ/DKHBI “OTBepraTh’ BCe TaKue IIPOTPaMMBI, BO
BpeMsA MHTepIIpeTallud KOTOPhIX MPOMCXOLUT omubka HecooTBeTcBHA TUMOB. C Apyroii
CTOPOHBI, KpOMe IPOTPaMM COZEpXKAaIIUX OIIMOKY THIA, aJTOPUTMBI THUIIM3AIUMKA MOTYT
“orBeprars’ emé W TakKue IIPOrPaMMbI, BO BpeMs HHTEpPIPETALUU KOTOPHIX OIIMOKa
HECOOTBETCBUA TUIIOB He IPOMCXOZUT. DTO O3HAYAeT, YTO AJIf aJITOPUTMOB THIIM3AIIUN
BAXHO €eIlE U TO, YTOOBI OHU “OTBepranu’ KaK MOXKHO MeHbIIe TAKHX IPOrpaMM, KOTOpbIe
Ha CaMOM Jejie He COZepXar OWMOKy Tuia. ECTecTBeHHO BO3HHKAaeT CIeIyIOLIUi
BOIIPOC: BO3MOXKHO JI ITOCTPOEHME TAKOTO aJrOPUTMA TUIIH3AIMU, KOTOPBIN “OTBepras’
GBI BCe NPOTPaMMBI, BO BpeMs MHTEPIIPETAllMK KOTOPBIX IIPOMCXOAUT OIIMOKa TUIA U
“mpuHuMan” GbI BCe IIPOTPAMMBI, BO BpeMs MHTEpPIIPETAlNY KOTOPHIX OWKMOKA TUIIA He
mpoucxogut? PesioMupys BbllleckasaHHOe, CIeyeT OTMETUTb, UTO 33a[a4M CBI3aHHbIE C
THUIIOBOI KOPPEKTHOCTHIO (QYHKI[MOHATBHBIX IPOTPAMM aKTyaIbHBL.

B ﬂHCCQPTaHHOHHOﬁ pa60Te pacCMaTpUBaIOTCA CIeAyIONie OCHOBHBIE 3aJa9H.
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- HccnepoBats 3asavy THUIOBOH KOPPEKTHOCTH CTPYKTYPHPOBAHHEIX A-TE€DMOB M
GYHKIIMOHAIBHEIX TPOTPAaMM HMCIOIB3YIOIIMX TaKue TepMbl. IlocTpouTs crucreMy BeIBOAA
THIIOB ¥ aJITOPUTMBI THUIM3AINH STUX TEPMOB U IporpaMM. VccienoBaTs BO3ZMOXXHOCTH
TIOCTPOEHHBIX CHCTEMBI BBIBO/IA TUIIOB M aJITOPUTMOB TUTIH3AIUH.

- HccemoBaTh BO3MOXKHOCTH PpaCIIMpeHHMs CHCTEMBI BBIBOJA THUIIOB GE3TUIIOBBIX
A-tepmoB - SYSTEM E pna TepMOB copepXalux KOHCTaHTHI U (DYyHKI[MOHAJIBHBIX
IpOrpaMM HCIOJNB3YIOUX Takue TepMbl. IIOCTPOMTH aJTOPUTMBI THUIIM3AIUMM TaKHX
TEPMOB U IIporpaMM. llcciemoBaTh BO3MOXKHOCTH —PACUIMPEHHOM CHCTeMBI U
IIOCTPOEHHBIX aJITOPUTMOB TUIIH3AIIHH.

- HCCJIe,I[OBaTL BO3MOXXHOCTH BCE€X BO3MOXHBIX aJITOPUTMOB TUNH3AUWU )\-TepMOB
COEPpXKaX KOHCTAHTHI 1 (l)yHKI_H/IOHa)ILHLIX IIPOTrpaMM HCIIOJB3YIOINX TaAKNE TEPMBI.

B muccepranuoEHOME paboTe MOTyYeHH! CIeyIONe OCHOBHEIE Pe3yIbTaTHI:

1. TlocTpoeHa cucTeMa BBIBOZA THUIOB JJii CIPYKTYPHUPOBAHHBIX A-TEDMOB U
GYHKIMOHATBHBIX IIPOrPaMM KCIIOAB3YIOUMX TAKKe TepMbl. J0Ka3aHO, 9TO BO BpeMs
GYHKIIMOHMPOBAaHUS TI000T0 MHTEPIIPATATOpa B CIyYae TUIUSHPYEMBIX (B OLHOHN u
TOM JKe cpefie) TepMa U IPOrPaMMbl, IONYdYEHHBIE TEPMBI He OyZYyT COZEpKaTh
omu6Ky Trmna. [TosrydeHs! Takue aITOPUTMBI TUIIM3ALUY CTPYKTYPHPOBAHHbBIX TEPMOB
¥ OQYHKIMOHANBHBIX IIPOTPaMM HCIIONB3YIOWIUX OTH TEPMBI, KOTOpHIE BCerza
OCTAHABIMBAIOTCS ¥ IPU YAAYHOM 3aBEpPUIEHHM THIIU3UPYIOT OSTH TEPMBL U
IIPOrpaMMBI CAMBIM OOIIMM OOpas’oM, a HeyZAuHOe 3aBeplIeHHe IIPOUCXOLUT TOJIBKO
TOTZA, KOTJa BXOLHOM TepM WM IIpOrpaMMa He TUIU3MPYEMB B CHCTEME BBIBOZA
THMOB, [1].

2. PacmupeHa cucrema BbIBOZa TUIOB GecTunoBbix A-TepmoB - SYSTEM E g tepmos
COZiepXKaIUX KOHCTaHTHI M (GYHKIMOHATBHBIX IMPOTPAaMM HCIIOAB3YIOUIUX TaKHUe
TepMbl. JlOKa3aHO, 4TO BO BpeMf (YHKIMOHUPOBAaHUA pPacCMaTpUBaeMbIX HaMHU
MHTEPIIPETATOPOB B CJTydae TUIIU3UPYEMBIX T€PMa U IIPOrPaMMBl, II0JTyYeHHBIE TEPMBI
He OyAyT cojepkaTh OWMOKY Tuma. PacuiypeH aaropuTM THUIH3AIUK TEPMOB
cucremsl SYSTEM E 111 TepMOB cofiep>KaliuxX KOHCTAHTHL U IS QYHKIIMOHATBHBIX
IIPOTPaMM HCIIOAB3YIOWIUX TaKWe TEPMBI U JOKa3aHO, YTO PACUIMPEHHBIH aJrOPUTM
TUIU3ALUN TEPMOB IIPH yJAYHOM 3aBepIIEHUM BBIBOJUT [VIABHYIO THUIIM3AI[UIO STHUX
TEpMOB, a HeyJauHOe 3aBeplIeHue TPOMCXOJUT TOJIBKO TOTAA, KOT/Ia BXOJHOI TepM He
TUIIU3HPYEM B pacUIMpPEeHHOM cucTeMme, (2], [3], [4].

3. JlokasaHo, 4TO He CYLIECTBYET TAKOTO aJTOPUTMA THIIU3ALMU A-TEPMOB COZEPIKALINIX
KOHCTAaHTHI ¥ (QYHKIIMOHATBHBIX IIPOrPAMM HCIIOJIB3YIOUIYX STH T€PMbI, KOTOPBIA ObI
“mpuHUMan’ BCe TEPMbI M IIPOTPaMMBI, BO BpeMs HHTEpPIIPETAI[UH KOTOPHIX OLIMGKA
THUIIA He IPOHCXOZUT M ‘oTBepran’ OBl BCe TepMbI W IPOrPaMMBI, BO BpeMs
MHTepIIpeTaliy KOTOPHIX IPOUCXOIUT OUIMOKa THIIA, [5].
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ABSTRACT

Ara H. Arakelyan

“On Type Correctness of Functional Programs”

The thesis is dedicated to the problems of functional programming. The main objects
of the research are the untyped A-terms and functional programs that use such terms and
the main problem of the research is the problem of type correctness of that terms and
functional programs. Types are used in programming languages for different purposes,
such as detecting type errors earlier (before execution of the program), doing some
optimizations etc. The main problem of the thesis is concerning to the first one of the
objectives mentioned above: avoid type errors occurring during the program execution
by checking its type correctness before the program execution. In some programming
languages there is no explicit type information provided by the programmer. Such
functional programming languages are Lisp, SML, OCaml, F# etc. In that case it is
required to create type inference systems and typification algorithms, which are used for
the typification of the programs and try to recover type information missed by the
programmer. For the usage of the typification algorithms it is important to guarantee
type correctness of the programs typified by them, i.e. if that typification algorithm
typifies given program, than during the work of interpretation algorithm (generally
interpretation algorithms based on the substitutions and reductions are considered) for
that program no type error must occur. Hereby typification algorithms must reject all
the programs, during interpretation of which type error will occur. On the other hand,
except the programs containing type errors, typificiation algorithms can reject also some
other programs, during interpretation of which type error will not occur. Hence, for the
typification algorithms it is also important to reject as few programs as possible, which
don’t contain type errors indeed. The following question is appeared: is it possible to
construct such algorithm of typification, which rejects all the programs during the
interpretation of which type error will occur and accepts all the programs during the
interpretation of which type error will not occur? By summarizing we can conclude,
that the problems concerning to the type correctness of the functional programs are
actual.

The following main problems are considered in the thesis.

- Investigate type correctness problem for the structured A-terms and functional
programs that use such terms. Construct type inference system and typification
algorithms for that terms and programs. Investigate abilities of constructed type
inference system and typification algorithms.
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- Investigate abilities of extending type inference system of untyped A-terms -
SYSTEM E for the terms containing constants and for the functional programs that use
such terms. Construct algorithms of typification for that terms and programs. Investigate
abilities of extended system and constructed typification algorithms.

- Investigate abilities of possible typification algorithms for A-terms containing constants
and functional programs that use that terms.

The main results of the thesis are the following:

1. Type inference system has been constructed for the structured terms and functional
programs that use such terms. It has been proven, that during the work of any
interpretation algorithm for the term and program, that are typifiable in the same
environment, no type error will occur. Algorithms of typification has been
constructed for the structured terms and functional programs that use such terms,
which always stop and in case of success typify given term or program in the most
common way and fail only in cases, when given term or program is not typifable in
the type inference system, [1].

2. Type inference system of the untyped A-terms - SYSTEM E has been extended for the
terms containing constants and for the functional programs that use such terms. It has
been proven, that during the work of any interpretation algorithm considered by us
for the typifiable term and program no type error will occur. Typification algorithm
of SYSTEM E has been extended for the terms containing constants and for the
functional programs that use such terms. It has been proven, that in case of success
extended typification algorithm infers principal typing of the given term and fails
only in cases, when given term is not typifiable in the extended system, [2], [3], [4].

3. It has been proven, that there is no algorithm of typification of the A-terms
containing constants and functional programs that use that terms, which accepts all
the terms and programs during the interpretation of which type error will not occur
and rejects all the terms and programs during the interpretation of which type error
will occur, [5].
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