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General characteristics of the work

Relevence of the theme

Convolution integral equations (see [1]-[21]) arise in many branches of
Mathematical physics. After classic works by N. Abel, E. Miln, T.Carleman, F.Neter, N.
Wiener, E. Hopf, V. Fock, V. A. Ambartsumian, N. I. Muskhelishvili, F.D. Gakhov, M.G.
Krein and others, the theory of convolution discrete and integral equations became an
independent branch of mathematics and mathematical physics. Further development of
theory of convolution equations related with names of V. S. Vladimirov, V. V. Sobolev,
G. I. Marchuk, S.Chandrasekhar, I. Ts. Gohberg, N.B. Yengibaryan, G. Baxter, K.Keiz, Z.
Presdorf and some others. A significant contribution in the development of the theory of
convolution equations, its applications and solution methods are made by Armenian
mathematicians L. G. Arabadjyan, N.E.Tovmasyan, A. Kh. Khachatryan and others.

Most known is the following convolution equation
f0)=g@+ [Ka=0fWd x>0, r<e. )
0

In the case » =0 (1) became the Wiener-Hopf equation.
Eq. (1) has a wide range of applications in Radiative transfer, in Kinetic theory
of gases, in theory of Stochastic processes.

Dual integral equation on the whole line:
S0 =g+ [KiGx=nfds x>0,
o . @)
S =g+ [Kx(x=n)f (s x<0

concern to the basic integral equations of convolution type (see [6], [9],[11], [12], [19]).
They are often encountered in various branches of mathematical physics. A number of
physical processes, occurring in infinite medium consisting of two homogeneous semi-

infinite spaces, are described by dual equations. They often arise while solving a

3
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boundary value problem with mixed boundary conditions.

One important application of the equations (2) is a well-known Radiative Transfer
problem in adjoining half-spaces, arising in Astrophysics, Atmosphere Optics (the
system of Atmosphere — Ocean and etc.); in Theory of Nuclear reactors (see [6]). In these

problems the kernel functions g,, satisfy the conditions:

Kj(—x):Kj(x), Kj(x)ZO, A= J.Kj(x)dxsl, j=12. 3)

The classical theory of equation (1) is based on the application of Wiener-Hopf method
or near methods based on solution of boundary-value problems in Complex Analysis:
the Riemann problem, etc. These approaches, being very powerful in pure theory, are
less effective or non-applicable in the questions of numerical-analytical solutions of the
equations.

For the past 80 years, in the context of applications in theory of radiative transfer,
the special methods for solution of various classes of convolution equations are
successfully developed. These methods are based on the V.Ambartsumian non-linear
equation (see [1]-[3],[5],[7],[10],[13],[18],[20],[21]), in combination with Chandrasekhar
method of discrete ordinates and its improvements (see [8],[15],[16]).

Starting from 1970s, new factorization methods for solution of convolution
equations were developed, based on N. Yengibaryan’s non-linear factorization equation

(see [2],[7],[91,[10]).

The aim of the thesis

The current thesis is devoted to the study and numerical-analytical solution of the
following convolution equations, by means of  Ambartsumian equation method,
factorization approaches of [2],[9] and the modified method of discrete ordinates:

a) Dual integral equation (2) in the non-singular case and its discrete analogue -

dual algebraic system;
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b) Integral equation of non-coherent scattering of the form (1) in the case of

complete redistribution by frequencies.

Scientific innovation. All results are new.
Practical and theoretical value. The results can be applied in theoretical analysis and
efficient solution of some classes of convolution equations of Mathematical physics.
Approbation of the thesis. The obtained results were presented:
- at the research seminars on Mathematical physics of Institute of Mathematics
NAS RA.
- at the Third Russian-Armenian Workshop in Mathematical physics, Complex
analysis and related topics, September 2010, Tsakhkadzor, Armenia.
Main results of thesis are published in four papers of author. The list of publications

contains at the end of thesis.

Content of the Thesis
The thesis consists of Introduction, two chapters and a bibliography.
Chapter 1 consisting of 6 sections is devoted to the Dual equation (2) and its discrete
analogue.

The sections 1-2 contain some preliminary material on theory of Wiener-Hopf
and some other convolution integral operators and their factorization.

In Section 3 Dual integral equation (2) is considered, under the following
assumptions:

KjeLi(-o40);j=1,2, geE(-w,x). 4)
By E(a,b) is denoted one of Banach spaces £ ,(—0,+0);1< p<+ o .

The factorization approach of [2],[9] is developed.

Let K;,j=1,2 are the Wiener-Hopf operators with kernels, participating in
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Eq. (2) and I be the unit operator, acting in £*= E(0,). Suppose that the operators

[-K;,j=12 are invertible in spaces £* . Then they admit canonical factorizations:
[-K,=(-V;)A-V}), j=12, V/eQ". (5)

J

Here V' are Volterra - type operators of the form:
VFpeo=[v; ec-owar, x>0, 7 peo= [V a=vwar, x>0,
0 X

where V*(x) € L;(0,+).

Lemma 1.1 is proved ysing the factorizations (5). In accordance with this lemma, dual
equation (2) is reduced to the following system with Hankelian operators 010 » (compact
operators with kernels depending on sum of arguments):
{F+ =G+ UYF™ ©
F =G +UJF"

The formulas for construction of kernels Ufz and free terms G* have been
obtained.
Theorem 1.2. Let the operators 7 - K ;»J=1,2 are invertible in £ " and their canonical
factorizations are given by (5). Let g e E . Then:
- The system (6) possesses unique solution (F*, F’) in E"xE".
- The solution [ is expressed by (F+, F’) in explicit form.

The Section 4 is devoted to the further development of the method in the case

where the kernels K; are represented as a superposition of exponentials in the form:

b
K;(x)= j Mo (s) 5 j=12 . @)

a

Here 5, (j=1,2) are non-decreasing functions satisfying the following conditions:

6
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. by
3= )| =2 cdos <1, =12
a

This case is of main interest in Radiative Transfer.
Our approach is based on combination of previous results with application of

Ambartsumian equations associated with kernels X ;:

j(p)dcr i) se(ab), j=12. ®)

0,(5)= 1+<p,()j
The kernel functions U;-) of operators U _? , j=1,2 take the form

b
U9 = [orsea()e ™ doy(s), x>0, j=12. )

a

Theorem 1.3 contain the sketch of solution of Dual equation (2) with kernels
(7), using solutions of Ambartsumian equations (8).
The method of approximate solution of equation (2) with kernels (7) is

developed. These kernels are replaced by finite linear combinations of exponentials:
~T;(x)= Z exp( )<K ( ) (10)

Discrete Ordinate method in version of [8] gives a possibility construct near to
optimal, in sense proximity in z;, linear aggregates 7.
Discretization (10) reduce Ambartsumian Equations (8) to the following finite

nonlinear algebraic systems for two vectors (p,({j ), k=1,---,N, j=12:

. AL )pl) -
o) =1+l )ZTJW"{T k=0,(N—1).

J J
Sg + Sy

These systems can be easely solved by simple iterations, with guaranteed

accuracy.
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In the case (10) the kernel- functions U; of equations (6) became finite linear

combinations of exponentials. Then the system (6) became a finite linear algebraic
system.

The program of calculations on Wolfram Mathematica v8.0, for Equation (2)
with kernels (7) presented in section 5. Some results of numerical calculations are
presented in the form of tables and graphs.

Section 1.6 is devoted to the dissemination of results of section 3 on Dual
algebraic system

Ci=n;+ iaj,kg“k,j:(),l,...
k=20 (11)

o0
Ci=ni+ D biilh j=-12...

k=0
Theoreml. 4 give a procedure for solution of system (11), using factorizations of two
infinite toeplitz matrices.
Chapter 2 consisting of 4 sections, is devoted to the solution of Integral equation (1),

where the kernel-function K has the form:
b
K(x)=J.e_a(‘Y)x do(s)20, (a,b)c(0,:0), x>0, (12)

K (—x) =K (x) .
Here a(s)>0 is a continuous monotone decreasing function on [4,5); Elcr’(s)> 0, on

[a,b),

b
u=Ik], =2[ azs)dcr(s) <1.

The following special case is of main interest:

K(x):ZAJ.e_a(S)Xaz(s)d& (13)

o
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ael’, a0)=1,

The equation (11) with kernel-function (13) describe Radiative Transfer in
spectral line, in assumption of complete redistribution by frequencies. This problem is of
known importance in the Theory of stellar spectra, as well as in Gamma spectroscopy
(see [13], [16], [18], [20],[21]).

The following two essential properties of kernels (12) and (13) are checked:
Lemma 2.1. Let the function K is given by formula (13). Then the first moment of K is

infinite:
o0
ITK(T)dT =400 .
0

Lemma 2.2. The kernel K given by (12) is completely monotone in [0, oo).

Main attention is paid to the some mathematical and applied aspects of the best

approximation of kernel (12) from below by finite linear combinations of exponentials:

N
K= Ty ) = [0 (i) —o(s,] e *en), (14)
m=0
0< TN(x)S K(x)

The numbers (s,,) are layout in increasing order:
a=s0<s1<--~<sN<sN+1:b(£oo). (15)
The approach of papers [8], [15],[16] is of use.

The best approximation means the optimal choice of values (s,,), which turn

to deflection A=|k -7|,. to minimum, for a given N . This question is one difficult
problem of approximation in the space Z;(0,0).
Inequalities (15) define the region G in N -dimensional space R" . Closure

Gy of the region G is described by the following non-strict inequalities:
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(S,,,)Z:1 € Gy, when a=s9<s8 S-nSsNSsNH(soo).

. + . . . . N -
Error A=|K-T| ;+ in L is a function depending on points (S, )m:l eGy:

A=A(sp,sy)=|K =Ty

Il

Lemma 2. 3. The function A reaches its minimum value inside Gy .

The question of determination of coordinates of (any) point P at which the function A
reaches its (absolute) minimum is considered.

Theorem 2.4. Coordinates (s, ) of the point P satisfy the following nonlinear discrete

boundary value problem:

[-a'csk)][a(sm)-acsk)]:[#-%}a%ma'(sk),k:l,---,N (16)

“(Sk) 0‘(51(71
so=a, sN:b(SOO), 17)
For solution of problem (16)-(17) the  Shooting method is applied in two
versions. Some difficulties and ways to their overcoming have been analyzed.
Proposition 2.5 contain one conditional result on uniqueness of solution of problem (15),
(16) and applicability of shooting method. The result is based on numerical experiment,
which have been realized in Section 4, for the kernel (13) in the case of Lorentz

broadening of spectral line, where

c:c(s):l+ls2 , A:[Ta(s)ds] :%.

—0o0

Calculations confirm validity of application of shooting method.
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Uifthnthnud
UUUNRY UUGIESD

UUEBUUSPYUYUL $hehYUSh NG dUEEh
20490UuurNpULerk eqUshu-ULULPShY LORONRUT

Uunbtwhnunipmiip  udhpdws b dwpbdwnhuluit  Shghuynid
wnwowgnn thwpbkph whwh hbnlyuy bEplnt hunbgpu)  hwquuwpnuwfubph
htnwgnundui b pyughti-wtwhwnhl nusdwt hwupgbph.

w/ 9n1jq hutnkgpuy hwjuwuwpnudp .

S0 =g+ [KiGx=nfds x>0,
= @

S(x)=gx)+ TKz(x—l)f(l)dl; x<0:
P/ hwplph hwjuwuwpnidp jhuwwnwigph jud Jepewynp hwnqush Jpu
F(x) = g(x)+ j K(x—0)f(t)dt; x>0, r<os )
0
nph Ynphquyhtt $niulghwis (hnghtt dntnunt k b wkpiuyugynmd E hbnbyuyg
wnkupny.
K(x)= ie‘“(f)x do(s)2 0, (a.b)<(0,0), 3)

Ujunkn a(s)>0- & wiplnhuwn dntinnnt $miyghw £ [4,5) -h dpw, huy o-1

nhybpkughh $niuyghw Elcr’(s)>0, b pwdupupynd t phuhyuwnhynipiul

htwpju) wuydwip'

b
u=Ik], =2[ azs)dcr(s) <1.

14
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9nujq hwjwuwpnidp wnwowlnid k hwpulhg
Jhuwnwpwsdnippiutbpnid funwquypdutt mbnunpudw jpughpubpoud: Uyn
nhypnud Ynphquyhtt $ntuljghwtipp niuku hnlbyw) wkupp®

b
K_,.(x)z'[e*‘*’“‘daj(s); =12 )

a

Ujunbn o, (j=1,2) -t stugnn $niiljghwbikp &b, pun npnud
1
Aj=||1<j||:2J';daj(s)<1,j:1,z .

(7) wbtuph Ynphgny (2) hwdwuwpnuip Yupbnp ghp E junwpnid
wunnubhghjuynid® b quidw wwybupuswihnipjui ke , nhqnuwbuwght
Sunuquypdul puquuuyuinhl gpdw jpunhpubpoud:

Uwnwugyl] ki hinlyu) hhdiwlwh wpyniupubpp®
- dpubp-2nydh whwh tpyne ufupup owbpunnnpibph  dwlnnphqughuygh
ogunipjudp (1) hwdwuwpnidp phpdl] E wpgnudbunibph gnidwuphg jupdus
Ynphqubpny tplyn hunjwuwpnudbph: (3) wnkuph Ynphqubph nhwypnud qupgugdly
Eunwgdus hujuwuwpnmidubph wpynitwgbn nisdwt wygnphpd, npp hhdudws k
Zudpupdnidjuth hwduuwpdwi b ghuljpbn opphtwnbph dkpnnh gniquljgdwut
Jpus
- (1) hwjuwuwpdwt hwdwp vnwgdus npny wpyniupubp wwpwsyky Eu hkwnbyuyg
nnuw] hwbpwhwyqulju hwdwlwpgh ypu’

o0
Ci=mi+ D a5l i=0,...

k=—0

0
Ci=ni+ Dbl j=—12...
k

- Zhwnwugnundt] E (4) htunbkgpuih ouwnhdw nhulpnudwi felighpp £, (0,00)

tnwpwdnipjui Uke.
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N
K(x) ~ TN (x) = Z [G(Sm+l) - G(Sm )] e—OC(S,,, )X > (5)

m=0
0<Ty(x)<K(x)

unhpp plipdly Eny gdughtt nhuljpbin kqpuyht juunph, Uujugnglty kb
wyy Eqpuyhtt  juugph npnp hwnynmippoiubbpp: @uidlp B odh hkntnpduwght
/wynuwnkphnp/ unniqynn dntinunnunipju yuydwi' npp wywhnymud £ fuigph
dhwpdtp  mushihmpmitp b “thopduwlub hpwdgnipju”  dbpnnh
Yhpwnbjhnipniup: bpujuwbwgdl) Eopduyhtt tpuybphdbun, npp hwunwnby &
wyy wuydwih Juwnwpybp: fipdb bu pyuyhtt hwpdnidubph wpyniupubpp:
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3akinouenne
Macyns Mamperu
YucjieHHO-aHAJNTHYECKOE PellleHNe HEKOTOPhIX

YPABHEHUI CBePTKH MaTeMaTH4YeCKoH (pU3NKH

Z[I/ICCCpTaI_II/ISI NOCBAIICHA M3YYCHUIO U YHCICHHO-aHAJIUTHYICCKOMYO PCHICHUIO
CJIIEAYIOMINX NBYX ypaBHCHPIfI CBCPTKH, BO3BHUKAIOIIUX B MaTeMaTHIeCKON (1)I/I3I/IKCZ

a) MapHOe MHTErpaJbHOEe YPaBHEHNE Ha BCEH MPSIMOit:

f@ =g+ [Kir-0f@0de x>0,
- @

f()=g@)+ J'Kz (x—0)f(O)dt; x<0.

0) ypaBHEHHE CBEPTKH Ha TOIYIPSIMO HJIM Ha KOHEYHOM IPOMEXKYTKE:

f() =g+ [Ka=0f0dt; x>0, r<eo @)
0

AAepHas CI)yHKI_II/ISI KOTOpPOro 4€THas, BIIOJHE MOHOTOHHA Ha ITOJIOKUATEITEHON oJIyoCcu u

npeacTaBjICHa B BUIC
b
Klo)= [ dols)20. (@b)=(00), ®

3nech a(s)> 0 HempepBIBHAA MOHOTOHHAA QYHKIUA Ha[q,b), @ O — CTPOTO BO3PACTAIOIIAS
muddepennupyemast  pyukiws, 3 cr’(s) >0; ynoBneTBOpsieTCs CIeAyIOLIee YCIOBHE

AUCCUIIATUBHOCTH:
b
1
u=|K], _zlwda(sm.

HyansHoe ypaBHeHue (1) BO3aHHKAeT B 3a/layax IIepeHoca H3JIy4eHHS B
CMEXHBIX TIOIYIIPOCTPAHCTBAaX. B 3THX 3ajauax sjiepHble (QYHKIMHA HMEIOT CIIEXyFOIIHiA

BHJI:

b
K= j Mo (s) 5 j=12 . )

a

17
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3neck ¢, (j=1,2) - HeyObIBatOmye QYHKIUH, IPHIEM
3
Aj=||1<j||=2J';daj(s)<1,j=1,z .
a

VYpaBaerne (2) c sapom (3) Wrpaer BaKHYIO POJIb B aCTPOPHU3UKE U TaMMa
CIEKTPOCKOIHH: B 3371a9aX MHOTOKPAaTHOTO PACCESTHUS PE30HAHCHOTO U3ITyIeHHSI.
[Nomydens! cieayromye OCHOBHBIE PE3yIbTaThL.
- C ucronp3oBaHreM (haKTOPH3AINH JIBYX CKATSPHBIX HHTETPABHEBIX ollepaTopoB BuHepa-
Xorga nyanpHOE ypaBHEHHE (2) CBEICHO K JBYM YPAaBHEHHUSM C SIPAMH 3aBUCSIIAMHU OT
CyMMBI apryMeHTOB. Pa3paboran anroput™m 3((EKTHBHOrO pEImICHUS IONyICHHBIX
YpaBHCHHUH, OCHOBaHHBI Ha COYCTAHHE YpaBHEHUS AMOapIlyMsiHa ¢ MOTU(HUIIUPOBAHHBIM
METOJIOM JIICKPETHBIX OpJIMHAT.
- HekoTopble W3 TONY4EHHBIX PE3YJIbTAaTOB MO YpPaBHEHHWIO (2) paclpoCTpaHEHB Ha

IIyaJbHYIO alNreOpandecKyro CHCTEMY

=—0

o0 o0
Ci=np+ D aigli j=0b Ci=np+ Y by p j=—12,...
k k

=—0

- N3yyeHa 3a1a4a onTUManbHON JUCKpETH3aluK HHTerpana (7) B IpOCTpaHCTBe L (0, oo):

N
K@= Ty = Yo —ols,] e, 0<1y(x)<kk).  ©)

m=0
3ajaua ObIa CBefleHa K HeIMHEHWHON [JUCKPETHOM KpaeBOW 3amade.
YcraHOBNIeHBI HeKOTOpBle CBOMcTBa 3Toif KpaeBod 3azaun. Halimeno opmo
aIocTepuopHOe yClIOBME MOHOTOHHOCTH, KOTOpOe 00eCliednBaeT OFHO3HAYHYIO
paspeluMOCTh 33flaud M IPUMEHHMOCTh Merojza npucrpenku. OcymecTsieH
YLCJIeHHBIH OKCIepUMeHT, KOTOpBI IIOATBEpKJAaeT BHIIIOIHEHMe OSTOTO YCJIOBUA.

HPI/IBe,ILeHLI PE3yJIbTaThl YHCJIEHHBIX PACIETOB.
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