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UCUSUULLP CurzULNRC fFuNbhEUADCC

Fhdugh  wpphwlwinippiip: Upjownwipp whpyws b Spugpudnpuwt
Iniijghntiw)  (hqnitkph  hwnlmpnibiubpht: ZEnmwgnuumpyut wpwplu  Eu
hwinhuwinud Spugpuynpdwtt $niughniiwy (kqnitkph tkpgpdus hwunwnniitkph
Eupwpuqumpiniittipp,  hull phuwpyyny  hhdbwlwt  jaughputpp wyn
Eupwpwuqunipiniuiiph (phynipiniup b dhthdwnipiniup:

UwljQupunhp! wpluwwnnipjutt kg uwwhdwbuymd E Lisp (kqnit, npp
hwinhuwinid b Spwgpuynpdwn wnwehtt  dnmibiljghntiwy  (hkqnit:  Lisp 1kqyh
wnwpuyuljut wmhpnypp S-expressions (wnndukp b npuigny Juquyws gniguljukp)
puqunipniut b Uyp wohiwnmpyub Uky nvwhdwignud G S-expressions puqunipjul
ypw  npopdws  ubpppduws  wwppulut otulghwubp'  car, cdr, cons, atom, eq,
if _then_else: Lisp 1kqyh hhdtwjwut hwulwugnipmiuttph hhdwb Jpu ki wnwewghy
Scheme?, Scala3, ML4, SASL> L wy] 1kqniubkp: Uju (Eqnitkph ubpppué dnruyghwubkph
puqunipniuiiph dke Ywt ytpp todwsd muppuljut dnrughwkpp:

PEYniup® wownmpjut vk vwhdwuynud £ FP spugpuynpdwin dniljghniu
1Eqnit, nph wowpujuwlwb whpnypp bnyhybu S-expressions puqunipmitt L FP
tiqynud skt oqumuugnpdynid qpn  Yupgh thnthnjwfuittp  (woupfuului
thnthnjuwuikp), sh ogurnugnpéynid A-wpunnpuljghu b oqunuugnpdynid tu wnwght
Jupgh thnphnpwlwutbp ($niulhghntwy thnthnpupwlutubp): FP 1kqyph ubkpppus
hwuwnwnnibibph puqunipyut bt wunwiunmd id (Identity), hd (Head), tl (Tail),
apndl (Append left), eq (Equals) Ukl wnbknuth $niuyghwubtpp i1
comp (Composition), constr (Construction), cond (Condition), const (Constant)
dnruyghniiwgutipp, hyytiu twlb wy $nrughwntp b $nrulghntiwukp:

Zhwmwppppnipnit £ ubpjuyuginid wipws  Spugpuynpuiwt dniuljghntug
tkqdh ubpnpdws hwuwnwwnniubphg ptwpl] Gupwpwqunipinit, npp Yihuh phy,
wyuhupt’ ogunugnpstiny dhwyt wyn hwunwnnibubpp htwpwynp Yihuh judwjyului
f : B — S-expressions (B c S-expressions®, k > 1) hwoquplth dniiljghw
Spwigpuinpby wyr (Eqynud:

Y McCarth y J. Recursive functions of symbolic expressions and their computation by machine.
Communications of the ACM, Vol. 3, N 4, 1960, p. 184-195.
2 Dybvig R. K. The Scheme Programming Language. MIT Press. 4 edition, 2009, 504p.
3 Wampler D., Payne A. Programming Scala. O'Reilly Media, 2009, 450p.
4 Harper R. Programming in Standard ML. Carnegie Mellon University, 2005, 297p.
> Tuner D. A. A New Implementation Technique for Applicative Languages. Software - Practice and
Experience - SPE, Vol. 9, N 1, 1979, p. 31-49.
® Backus J. W. Can programming be liberated from the von Neumann style? A functional style and its
algebra of programs. Communications of the ACM, v. 21, N 8, 1978, p. 613 641.
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Pnjtph & Uniph! wppnwinwbpnid gnyg E wpynud, np judwyulwh f: B — S-
expressions (B c S-expressions®, k = 1) hwpqupykh dniyghuyh hwdwp gnjnipinih
nith Lisp 1kqyny P épwghp, nph hwdwp wnbnh nith hbnbjup. Gph £ niulghuyhte
hwdwwywwnwupwing  Eniphuigh  Ubkpkiwbt YJwbqg E wobnwd, wwyu wlunhy
huwnbkpuyptnwwnnpp P Spugph hwdwp fubg £ wetnid tnyt yuwwnwuhiwinyg, huly bpk
Bmiphugh dkpkuwt wiykpe £ wojumnnud, wmyw wljnhy hunkpuypiwnwnnpp wuygkpe
E wpjuwnnid: Uujuy Fojkph b Uniph wpuwwnwpmu gnyg sh wipynud, np P $pwgph
wlowpd Yhnh vbdwbnhjwi htug wy $niuljghwi b Nrunh juughp £ wunwowinid
niunidttmuhply wyu hwpgp:

dbpp wpdwd  juugphg widhgwwbu hbwbnd B punpdus  ukpgpus
hwuwnwwnniiutph puqunipjut dhthdwnipyut hwpgp: Ujuhtpt' wipgynp htwpunp
sk ptinpJws puqunipiniup thnppugik) (npbk tkpppdws hwunwwnnit nnipu hwuk] wyy
puqunipniithg’ wwhwwkny puqunipjub (phynipjniup):

Ugluwnwiph twuwwwlht nt jbnhpbbpp: Uju wpliwwnwiph hhdtwlwi
tyuwwnwlj nt punhpubpp hbnbjuh Gu.

1.Lisp spugpuynpuut 1kquh tkpppdws dnrughwbiph puqunipiniithg plinpty
1nhy b dhuhutwy Bupwpwqunipni:

2.FP Spwgpuynpdwtt (kqyh ubpgpué dniulghwtph b $nrulghntiwukph
puqunipiniithg pinpty 1phy b dhuthdw) Eipupuqdnipinii:

3.Thwwpyl] FP Spwgpuynpdwt (kqyh dnnhdhiughwibp: Ujy (kgqniukph
ubpypué pniughwubph b Pniulyghntwubph pwquUnipmititiphg puwnpbkp phy b
Uhuhuw Eupupuqunipniuitp:

Zhnmwugnuum pjut Uhpnnubpp: Upjuwwnwpnid oginuugnpdjws hbnwgnunipiut
Ubpnnutpp tkpuwpnd B $niulghntwy Spuwgpuynpdwi, wmhyhqugdus A-hwoyh,
wqnphpdutph nkunipjut b hwipwhwyyh dkpnnubpp:

Upmynibpukph unpmpmip: Uphwwnwipnid Juunwupjus
htwnwgnunipnibtibph wpyniupnud umulgtlh]_ Et htwnlyw) hhdtwlwh wpnyniupubpp.
1. Ukpypqud dnruljghmibnh = {car, cdr, cons,atom, eq, if _then_else}

pulqt[nl_p]ulh hwdwp unwgyt £ hhmh]ul]_]}
8nyg Lt wpdk, np judwywlwb  f : B — S-expressions (B C S-
expressions®,k = 1)  hwpyupyth  dmulghw  Spwgpuynpth  k
Spugpuynpdwit $niuyghniiwg 1kqynid, npt oqurawgnpsénid | @ puqunipjui
Iniuhghwkpp: 8nyg k wpyk), np Epyniuhg wykjh wnndubph nhwypnd ¢
puqunipiniup dhtthuwy b

*  8nyg L wpdbk, np Epyne wnndubph ghypnd judwywlui f: B — S-
expressions (B c S-expressions*, k = 1) hwoquplbtih  dmghwm
Spuwgpunplih L Spwgpuynpdwuit Pniuljghntwy  Eqynud,  npb
oquiuugnpdnid £ @ \ {eq} puqunipju $niughwikipp: 8nyg L npygty, np @\

! Boyer R. S., Moore J. S. A Mechanical Proof of the Turing Completeness of Pure Lisp.
Automated Theorem Proving: After 25 Years, American Mathematical Soc. 1984, p. 133-167.
4
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{eq} puquUnipjniup vhthdw) b Unwugnigyt] k bwl, np judwjuljub ¢ € &\
{eq} hwdwp ny pninp f : B — S-expressions (B © S-expressions®, k = 1)
hwoqupltih dniiljghwmukipt ku spwgpuynptih (kqynud, npt ogurnuagnpdnid
E @\ {p} puqumpyul pmuyghwikpp:

2. Ukpgpuws hwuwnwnniikph ® = {id, hd, tl,apndl, eq} U

{comp, constr, const, cond} puqUnipjut hwdwp uvnwugyty Ehtnbyup.

*  8nyg k mpydly, np judwyulwh f : B — S-expressions (B © S-expressions)
hwoqupltih $niuljghw spugpuynpbih £ FP (kqnud, npt oquruugnpénid &
® puqUmpjub hwunmwwnnibubpp: 8nyg L wpyl;, np Epkphg wykh
wwnndiubph nhuypnd @ puqunipniup dhtthdwy k:

*  8nyg k wpyk, np Gphip wunndubph phypnd judwyulwb f: B — S-
expressions (B c S-expressions) hwpqupltijh $niuyghw dpwgpunpbjh k
FP  1(hqymud, npb  oquugnpémd E @\ {const} puqunipjule
hwuwnwwnnitpp: 8nyg b wipgbg, np @ \ {const} puqunipniup vhhduy b
Uwwgnigyk] k bwl, np judwjulub ¢ € @ \ {const} hwdwp ns pnnp f :
B — S-expressions (B c S-expressions) hwpjuplth dniuljghmubtpt tu
Spuwgpuynphih FP (kqynud, npb oquuugnpénid Lt @\ {¢} puqunipjul

hwunwwnniubpp:
3. Thwwpldby Eu FP (kqyh dnnhdhjughwtp: 8nyg t wipdby, np judwyulul f :
B — S-expressions (B c S-expressions) hwoJupltih dniujghwm

Spwqpuynphih b wyy (Eqniukpnud: 8nyg L wpyty, np ogrnugnpdyws ukpnppdus

hwunwwnniuubph puqUnipniitpp dhthdwy G

Shuwwi b Yhpunwlwh Hwiwlmpepmip Uju woiwnwipnid  unwugjus
wpnniupubplt mbkt hyybue nbuwub, wiybu b jhpunwub tywbwlnipmi:
Qpwbp Jupnn B oquiwgnpdyly dniulghnuwy Spwquynpdwin tnp hwdwlwupgbph
unbnddwb dudwtuly:

Uunwugyus wpymbpubph wwypnpughwi: Uwnbkuwpjnunipjut  hhdtwlwt
wpiyniuptbpp qnigyl) Eu 6N2 spugpuynpdwt b hupnpdwughnt mkjutininghwkph
wdphnth ubdhtiwpnud, ©N2  hudnplwnphlugh b fhpwnwlwt dwpbdwnhljugh
duljnyyntnh pughwinip  ubkdhtiwpnid, Computer Science and Information
Technologies - 2011 (CSIT,  Gplhwl, 2011) Jhowqquyht  ghwwdnynynud:
Unbktwjununipjut hhdttwub wpnyniupubpt pungplyws i hpuwwnwpuldus bpkp
wpuunwipbpnud:

Ugluwnuiph Junmgyuéph n hudwnpnun pojuunulynipnibip:
Uwnbktwjununipmnibip punugus k ubpwénipinithg, tpkp qiluhg, kqpujugnipniihg b
ogunugnnpdjus qpuijuiinipjut gmulhg (33 wunt): Unkuwjununipjut swduip 120 Ly
E:
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UChUSULLP AN ULVYUUNRE3NRULE

Ubkpwénipiimd  tjupugpynid £ wnkiwpiniumput  hknwgnnnipiut
hhttwljut bywwnwlt nt punhpubpp, hhdtwynpynd £ wnbbwjununipiut phdugh
wpphwlwinipniup b inpnipyniip: Zudwenwn Jepyny tkpjuyugdnud E wpjuwwnwph
pnqutnulnipnibin:

Qntju 1I-md phipynud & wihpwdbon  vwhdwinidibp b wpynitplbp
dniughniiwg Spugqpuynplwt ykpwpkpywy, npntup hhdbwlwind Jipgqus b 1234
wpuwnwipbphg: Unwoht gntjup punugus k Epkp pudhuttphg:

1.1 pwdimd bhpdmddws & whwh, phpdh, phpdh wpdbph, f b §-
ntmyghwibph, f§-ntnniyghuyh, dpwgph, Spugph wipwpd Yhnh b ypnghgmpugh
ubdwtnhuutph qunuthwpubpp:

Thgnip M-p dwubwlph Yupquynpws puqunipnit E, npnbn LEM L
gujugus m € M hwdwup LEmum E m:

Uwhdwinwd 1.1.4: Uwhdwkup mhwbtph Types puqunipniip:

1.M € Types:

2.6pk ay,..,a,, B €ETypes, n=>1, wmyu [a; X ..X a, = B] € Types, npukn
[a; X .. Xay, = B]-ny TwwiwyJus Lt a;xX..Xay,-hg F  ponp Untnunt
wpunuwwwnipnudubph puqunipniun:

Uwhdwind 1.1.5: YThgnip a € Types: a whwhtt hwdwyuwnwuwkgutup
puwjut phy htnlyuy Ytpy, npp juidwubkup ¢ nhyh Yupg (Yuowbwyutp ord(a)).

1.6pta = M, wyw ord(a) = 0:

2.Gpk Qy, .., Ap, B € Types,n = 1, wuww ord([a; X ...x ap - B]) =
max(ord(ay), ..., ord(ay), ord(B)) + 1:

Uwhdwimy 1.1.6: Uwhdwukip phpd hwuljugnipmniup: V,-nd tywtwlbip a
wnhwyh tnhnppwluwbubph bhwoybh  puqUmipiniip:  Pnpp thntnjowluikph
puqUnipniip bwbwlkup V-ny' V= U V,: Gpk cea,x €V, ord(a) =n,n =0,

a€ETypes
www Juubkup, np c-u n-py Jupgh hwunwwnnit b, x-p n-pn jupgh thothnjuufui k:
Pninp phpdkph  puqUnipnitip  tpwbwlhkip And A= U Ay, npubkn A,ny
a€ETypes

wowbwlduwsd k @ whyh ptpdtph puqunipniin:

! Budaghyan L. E. Formalizing the notion of [-reduction in monotonic models of typed [-calculus.
Algebra, Geometry & Their Applicatiions, Vol. 1, YSU Press, 2002, p. 48-57.
> Huruan C.A. OynxuuoHansHsIe S35IKH IporpaMmmuposanus. IIporpammuposanue, Ne 5, 1991, c. 77-
86.
3 Huwrmanw C.A. O6 wuHrepmperanuy (YHKUMOHAJIBHBIX  $3bIKOB  IPOrPAMMHPOBAHUSL.
ITporpammuposanmue, Ne 2, 1993, c. 58-68.
S Vhqhjuia U.U., Fnipunywih [.F. Opuqpuynpliu $niblghntiuy hwdwlupgbp: 602
Zpuunwpulsnipntl, 2006, 56 te:
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1. Gplic €a,a € Types, myu c € Ay:
. Gphx €V, a€Types, myu x € Ay:
3. ©pk 7 €A, x.xapy ti €hqy @B ETypes, i=1,..,k k=1, wygu
T(ty, -, ty) € Ag:
4. ©pk TE€A x; €Vy, B ETypes, i #j=>x #x,L,j=1,...,kk =1, wyu
A%q o X [T] € Afa,x..xap—p]: AX1 - X~ Jufuikp wpuinpuljnng, huly 7-u'
wpunnpulnnph wqpkgnipjub nhpnyp:
Uwhdwind 1.1.7: Hhgnip t € A: x thnthnjuwluith $hpujus dnunpp ¢ phpdnid
Juijuitiup juylws, tpt wjt jud wuwunljwuwind bt npblk wpunpwlunpht, jud
quiynud Et wyy nhnuwfuitt | ogunwugnpénn  wpunpuluinph  wqptgnipub
mhpnypnud: Zuwpwl] phypnd x  thnthnpowljuih dninpp jubdubkip wquun:
Yuukp, np x hnthnjuwjuip wquun k¢ phipdnud, bpk wyt nitth wpbijuqb Uk wqun
Uniwnp: ¢t phpth wquun hnthnwlwbttph pauqunipniup Yaowbuwykup FV (¢)-ny:
Uwhdwimd 1.1.8: Yhgnip t € A b (/= {t;/xq, ..., ty/x,} nplk mbnunpnud E: to-
ny Jupwbwltup wyl ¢’ phpdp, npp vnwgynud k¢ phpdnud x4, ..., x, thnhnjuowljutph
ponp wquu  Udntnpbpp  dhwdudwiwl  thnfuwphubng  hudwuywnwupwbupup
t1, ., ty pipdbpny: Uy phwypnud Yuubkbp, np t° phpdp wnwgdl) b ¢t phpdhg o
nbknunpdw jhpupdw wpyniupnid:
Uwhdwimd 1.1.9: thgnip t €A b /= {t;/xq, ..., ty/xz} npllk nbnunpnud
Yuubklp, np ¢ wbknuppnipjut Jhpwenwdp ¢ phpdh Jpu poygunpbih b bpk
guujugws i =1,..,n hwdwp x; thnhnowluih ny Uhp wmquun Uninp ¢t phpdmd sh
quuynud ¢; phpdh wquu tnthnfuwfububplt oqgunwugnpédnng nplk wpunpulunnph
wqnlkgnipjut nhpnypnud:
Uttp Ynhinnupltup dhuyt ninunpniudutph poyjuwnptih Yhpunnidubp:
UwhdwbimyJ 1.1.11: ¢t; b t, phpdbipp juiduibkiup Ynugpnibin (Yupwbwltup
t; = tp), iph t; phpdp uvnwgynud | ¢; phpdhg n = 0 whqud juwyqws thnthnpwljuih
Jhpuijuiunuiny: Nuwjiwiuwynpdtup htnwquynud Ynugpnibun phpdtipt hpuphg
sinuppbip:
UwhdwbimJ 1.1.12: 8mipwpwibgmip phpdhtt hwdwyuwnuupwinipyu dke
nukp Valy (t) hwunwnnitp, npnkn ¢ € Ay, a € Types, FV(t) € {yy, .., yn}, yi €
Voo Vo =< ¥1, 0, ¥ >, 90 € a;,a; € Types,i = 1,..,n,n = 0:
1. ©pht=c,c€a,a€Types, myu Valy (t) = c:
2. Bpht=uxx €V, myu Valy (¢) =y, wj nphwpnud, kppx = y;, 1 < i < n:
3. Gpht=t(ty, ..., tx) € Ag, T € Ajg,x_xay—p) ti € Aayp A1y e, &k, B € Types,i =
1.,k k > Luupu Valg (1(t;, .., ;) = Valg, () (Valg, (t,), ..., Valg, (t,))

4. Gph  t=Axy .k [T] € Ajgyx xaop TE Ay X EVpi=1,.,k k21,4, ...,
ap, B ETypes, i #j=x; # x5, i,j=1,...k, muw Valy (Ax; ... x;[7]) € [a; X
X = Bl b judwmljub %o =< x7, .., x¢ >,x) € @;,j = 1,...,k hunlwp
mbbklp Valy (Ax; ... x [t (%) = Valg 3(t), npunkn FV(Ax; .. xi[t]) =
Wiy oy} 520,55 =< Vi s Vi) >

7
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Uwhdwbimd 1.1.13: Yhgmp ty,t; € AWFV(E) UFV(t,) = {y1, 0, ¥ Vi € Vs €
Types,i =1,..,n, n=0: Yuuklp, np t; b ¢, phpubpp hwdwpdbp L (Gaowbwlkup
t1~ty), bpk Judwulub y, =< yf, ...,y,? > hwdwp, npnkn ylp € a;,i =1,..,n, mknh
niith hbnlyuyp. Valy (t) = Valy, (t,):

Yhunuplkbp hkwnlyw) hwjuuwpndibph hudwlupgp

Fi=1
€y

By =1,
npnkn F; €V, i# j=>F # Fj, 1, € A, FV(ty) € {Fy, ..., .}, a; € Types,i,j=1,..,n,n =
1:

Uwhdwimd 1.1.15: Wpiay X ..Xa, = a; X .. X @, wpnuwyulbpnudp, npp
uwhdwifmd thnlyuy Yepy  Wp(g) =< Valg(ty), ..., Valg(tr,) >, npntin g € a; X ... X
ap, Juiyuubkup (1) bhwdwuwpndubph  bhwdwlwupghtt  hwdwwywnwuppwing
wpnuwuwnlbpnud: (§);-nd wpwbwlkup g-h i-pg Yndynuktnp(l < i < n): Quuklp,
np f € @y X ... X a, hwighuwbnud k (1) hwdwlwupgh jmisnd, kpk W (F) = £

Uolumwnwupnid gnyg £ mpdws, np (1) mbuph judwyuljut hwdwlwupg niih
thnppuignyju (nidnu:

Uwhdwimy 1.1.16: Thgnip ¢ € a, a € Types,ord(a) = 2: § wpnuyuwnljtpnudp
Juuduutup EdPtnhy tkpjuyugynn hwuwnwwnntl, tptk qnynipinit niuh (1) wnkuph P
hwdwljwpg, npuntin F; € V, b npp sh oquunugnpénid > 1 Jupgh hwunwwnnitubp, huy
oqunugnpdynn 1 Jupgh hwunwwniuubpp hwydupltih $niuljghwkp tu b, tph <
f1, o, fn > P hwdwljupgh thnppugny jnsnuda b, myw f; = ¢:

UwhdwimJ 1.1.17: (1) wbuph hwwuwpnidubph hwdwlupgp Ynyynud E
dpwghp, btpk Gpwind oquugnpéyws 1 Jupgh hwunmwwnnibubpp hwydupybh
Iniljghwibp L, = 2 Jupgh hwunwnnibubpp Epdtljinhy ubpjuyugynn tu b F; €
Vimkom) (k2 1): Fy = 7 hujwuwpnudp Yngynud £ P dpugph gjuwnp hwrduwuwpnud,
huy f, = (f)1 Ynsynud £ P dpugph whpwpd Yhinh ubdwinhuw, npinkn f-u P dpugph
thnppuigny (nudnudl k:

Lowbwlkip WD) = O, WL T(Q) = Wp(WA(Q)), npubny Qp a; X ..X ay
puquUnipjui thnppugnyl LEdktnt k, j = 0:

2Upuwnwliphg htinimid k, np kpk wipqus & P dpughp b f =< fi, ..., f;, >-u P
Spwgph thnppugniph st b, wygw f; = sup{(PE(Q)); | k > 0}, tpk ord(f;) < 2,i =
1,..,nn=>1:

NMuydwbwynpytup t,-ny wpwbwlby ¢ phpdp, npnd dhpuyws k v Eupwuptpdh dh
nplk dnunp, huy t-ny wpwbwlkup wyh phpdp, npp wvnwugynud t ¢ phpdhg $hpudws «
Eupwptpdh thnfjuwphtudwdp v’ phpdng:

' Huraan C.A. OyHKuyoHanpHbIe S35IKH IporpaMmmuposanus. IIporpammuposanue, Ne 5, 1991, c. 77-
86.
2 Hurmsa C.A. O6 wuHrepmperanuu (YHKIMOHAIBHBIX S3BIKOB  IPOTrPaMMHPOBAHUL.
ITporpammuposanue, Ne 2, 1993, c. 58-68.
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Uwhdwimd 1.1.18: f-ntnnilighuyh qunuthwp Ynsynmd E qnuygbph hlnlyug
puqUnipnip.
B = {< Axy o xp [T (te, oo, tr), T{E1 /X0, ooy i /X0 } > |
X; € Vo ti €E Mg, TE N a; ETypes,i=1,..,k,k =1}
by npoud Axg .. xg [Tl (ty, -, t)-n Ynsynwd & B-nhnbpu, hul t{t; /x4, ..., t /X3 Ynsynid
E wyn ntnkpup thwuptp:
Ujunthtn wju pwdinud Yphwnwpltup dhuytt wjiyhuh ptpdbp, npnup skb
wupnibwlnud = 2 upgh hwuwnwnnitbp:
6-nhinnijghuyh b hpwwi J-nhgnijghwjh  qunuthwpubpp Yipgqus tu
lwohiwwiiphg: Ujunihtin Joquuugnpstp hpwfwb §-nhnnijghuyh qunuthwpp b
npu htwn JuwyJws wpnyniupubpp:
§-nybpup nitth f(ty, ..., tg) nbupp, npunby f € [MX > M), t; € Ay, i=1,... kk =
1: Lpw thwpbkpt jud m € M hwunwwnniip b wyy ghwpnd f(ty, ..., ) ~m, Jud ¢;
Eupwpbndp, 1 < i < k b wyy ghypnwd f(¢, ..., t) ~ ¢
f U §-ntignmijghuyh qunuthwupp wpwbwlktp F6-nd: NMwypdwbwynpdtp £6-
nhnmijghwt whijub] nkinnijghw, f§-ntinkpup wjut) nkintpu:
Uwhdwnwd 1.1.24: Ywubkp, np ¢t phpdp tnpdwy &bk, Epbk tpuinod siw nhnkpu
hwunhuwgnn Eupupbpd: LUnpdw dubph puqunipniup Yupwbwltup NF-ny:
UwhdwbimyJ 1.1.34: Uwhdwukip FS 1phy wbnunpdwt hnkpypblwnwghugh
wgnphpep:
Unuunp: (1) wikuph P spwghp b t plipd, FV(t) € {Fy, ..., F.}:
Bp: FS(P,t) € NF,FV(FS(P,t)) N {Fy, ..., ,} = @, tpk FS-p npnpqws & P-h b t-
h hudwp:
1. ek teNF u FV(t) N{Fy, .., F} =0, myuw t, wjuwhku Lpk ¢t € NF, wyu
wtigit pwy) 2-hl, wpuwbu wugk) puyy 3-his;
2. Epkt=t; br-ut phpdh wdbktwdwlu nknkpub E, wyw FS(P, t;), npunkn 74-
1 7 nhintpup thwpkpu k;
3. FS(P,t{t1/Fy, ... Tn/E}):
Uowwnwiphg htinbinid E, np FS wignphpdp 1nhy £ b wthwlwubh:
1.2 pwdimd uwhdwidmd btu S-expressions pwuqunipnibip, S-pniuljghw,
hwoqunlbih S-dniuljghw hwuljugnipmniutpp:
Uwhdwimu 1.2.1: thgnip Atoms = {ay, ..., a,} (n = 2) wmunndubph puqunipnil
E: Uwhuwlkup S-expressions puqunipmniip:
1.Gphk t € Atoms, muyu t € S-expressions:
2.65pki ty, ..., t, € S-expressions (n = 0), myu (t; ...t,) € S-expressions:
Bpypnpny YEnny vwhdwiqusé LEdbunubpht widuwind o gmguljubp: Gpeh
(t1 .. ty) gnigul] k, wyuw ¢t;-p Ynyynud £ gnigwlh quoifu, (¢, ...t,)-n' gnigulh wns,
npwukn ty, ..., t, € S-expressions (n > 0):

! Buda ghyan L. E. A Necessary and sufficient condition of completeness of computation rule for
strong typed functional programs. Proceedings of the Conference of Computer Science and Information
Technologies (CSIT-2005), Publishing House of NAS of RA, 2005, p. 16-19.
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Uwhdwbimd  1.2.2;  “hgmp B c S-expressions® (k=1): f:B —S-
expressions (k = 1) dniuljghuyhtt jutdukup S-pniuyghu:

f S-pnmiuljghwtt Yihuh hwpduplylih dniuyghw, Ept gnnipinit niah @yniphugh
Ubpkuw, npt hwoyupynud | wyn $niujghwie:

13 pwdimd uvwhdwidnd bEu wpws Iniulghnbwy (kqdh  ubpypdus
hwuwnwwnniuubph puqunipjut (phynipjut b dhthdywnipjut hwujugmpniuutpn:

Utup Ynhunwpytup spugpuynpdwi $niijghniiwg (kqnitikp, npnup npnoynid
Eu Ll =M, C, X, T) punjuljny, npinkn’

M = S-expressions U {1} dwubwyh Ywpquynpjws pwqunipjniit b, npuntn
guiljugus m € M hwdwp LEm um E m:

C=MUVY¥, npntn Y-u =1 Jupgh hwunuwnnibibp kb, npnip oquinugnpdynid
ku L (kqyh spwugpbtpnid:

X-p thnthnpowwbttph puqunipinitt k:

T < A(C, X), npunkn A(C, X)-p phputp G, npnup jupnigynd ki ogunuqnpstiny
hwunwwnniuibp b hnthnwlwukp dhwyt € b X puqunipiniiubphg:

H(L)-ny wpwuwlkup L 1kqyh dpwgpbph puqUmipiniup, npnbn F; € X,7; €T,i =
1,.,nn=1

Uwh'wimd 1.3.1: Quubklp, np f : B — S-expressions (B © S-expressions®, k >
1) S-pniuyghwit spwqpuynpbh £ L =M, C, X, T) 1kqynud, tpt gnnipniu niuh P €
#(L) dSpwughp, wjuyhuhl, np wknh niuh hbnbyjup.

+ bphm € B, wugu f, (M) = £ ():

+  Lphkm € S-expressions® \ B, wmyuw fp(m) =L;
nputn fp-u P dpwugph wipwpd Yhnh ubdwtnhljut k:

Uwhdwbimyd 1.3.2: Guukp, np ubpypyus hwuwnwnniiiiph ¥ puqunipmniup
by & L =(M,CX,T) kqyh hwdwp, npntn € = M U Y, tpt juduwyulul f : B — S-
expressions (B € S-expressions®, k = 1) hwpjupykh $niyghw Spwgpuynptih & L
1Eqynud:

Uwhdwimd 1.3.3: Ywubtp, np ubkpypdwd hwunwnnmbbbph ¥ phyd
puqUmipmniip dhthdwy £ L=(M,C X, T) (kquh hwdwp, npunbn € =MUY¥, hLphk
Judwjyului ¢ € ¥ hwdwp ubpypdus hwunmwwnniuubph W\ {@} puqunipmniun ;phy sk
L'=M,C', X, T") 1kqyh hwdwp, npntn ' =M UWY\{p}, T'cT:

Qniju 2-nid phunwupyynud o phynipjutt b dhthdwnipjutn  junhpubpp
Spwgpuynpuwt $niiljghntiv (Egniikph hwdwp, npnup oqunugnpénid L Lisp 1kqyh
Ukpnpwd $miyghwbp: Gpypnpn goijup punjugus Etptp pudhuitphg:

2.1 pwdimd wpynud L wbhpwdbon vwhdwindubp b oquugnpéyus
wpnniupubp:

Ynhwnwpykup spugpuynpldwt niuyghniiwy (kqnikp, npnup npnpynud ku L =
M, C,V, A(C,V)) punjulny, npwnkn M = S-expressionsU{l}, C = M U {car,cdr,

cons, atom, eq, if _then_else},  car,cdr,atom € [M - M], cons, eq € [M? - M],
if _then_else € [M3 - M].
my, kel m = (my ...my), m; € S-expressions,i =1,..,.k,k>1
car(m) = {
1, vugwé nlwyplpnid
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nil, bptm = (my), m; € S-expressions
cdr(m) =< (my ..my), bpk m = (my ...my), m; € S-expressions,i =1, ...,k k> 1
1, Ulnugué nkuypkpnid
(my), kpl m = nil,my € S-expressions
(my my ... my), Epk m = (m, ...my), m; € S-expressions,
cons(mo,m) = " i=0,.z.j.,k,k21
1, Ulmgué nbuypkpnid
t, kpk m € Atoms
atom(m) = {nil, kplk m & Atoms,m #1
1, dhwgué nbuyplkpnid
t, hplk my,m, € Atoms, m;y = m,
eq(my,my) =< nil, Ekpk m;,m, € Atoms, my # m,
1, diawgwé nlkuyplbpnid
m,, kplk m; € S-expressions, m; # nil
if _then_else(m,, m,, m3) =< ms, kpk my = nil
1, dhwgus plyplkpnuf

§-nknnijghwyh qunuthwpp vwhdwbkip htwnbjuy diny*
< f(my),m >€ §, nputy f € {car,cdr,atom}, m;,m e Mt f(m;) =m
< g(my,my), m >€ §, npukn g € {cons,eq},m;,my,m € M L g(my,m,) =m
< if nil thent, else t,,t, >€ §, npunkin ty,t, € Ay
<if mthent, elset, t; >€ §,npnninm € M,m # nil,m #1 t1,t, € Ay
<if L1 thent; elset, L>€ §, npunkq ty,t, € Ay

lUlzluulmulhphg htinbnd E np 6-0 hwinhuwind £ hpwlwt §-nkinniyjghwgh
qunuthwp:

Lowlwlkup ® = {car, cdr, cons, atom, eq, if _then_else}:

2.2 pudmd ntuntdiwuhpynud |k @ puqunipjub (phynipniip:

Ehnptd  2.2.1. Ubkpppdws  dmiulghwibkph @ puqunipmibp phd Lt L=
M, C,V,A(C,V)) 1kqyh hwdwp, npntn € = M U &:

hnpkd 2.2.1-p wmywgnighint hudwp Joqunykup htwnlyuy (Eddwghg:

Lhidm 2.2.1: 9hgnp wpjws b P spughpp: f=<fi,..,fu > P dpugph
thnppugnyb jmdnudt b Bupwnpbup P’ dpughpp unwgyly & P dpwugphg htwnlyuyg
Epym pugibpp Juinuptyng.

1. P épwgphg htinwguky i-pn hwjwuwpnidp,

2. P Spwgph Umnuw hwquwuwpnidubpnud F; thinthnjowuwih ponpp wqun

Unuunpbipp thnpuwphtiby fi-nd,
npntn i = 2,..,n,n = 1: Uy nhypnud” fp = fpr:

Phnpbd  2.2.1-h wwywugnygmd phunwpynd £ judwywlut f: B — S-
expressions, (B c S-expressions®,k = 1) hwpqwuplykih $niuyghu: Uy $niuyghwyhb

M S

! Buda ghyan L. E. A Necessary and sufficient condition of completeness of computation rule for
strong typed functional programs. Proceedings of the Conference of Computer Science and Information
Technologies (CSIT-2005), Publishing House of NAS of RA, 2005, p. 16-19.
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hwdwuywnwupjuwt P spughp E vwhdwignud: Uy Spughpp wuydwbwlwunpky jupkih
E pudwily kpbp hhdtwluh npudwpubulwi duubkph’
*  Unnwynpmd: Spwsd sy,..., S, € S-expressions (k = 1) hudwp junnmgymd &
gnigul], npp hwdwwwnwupiwind E sy, ..., sg-h thpuyugdwip duyguydtup
Ypu:
*  Unnuynpjwd gnigulp thnthnpuynud b unyb &b, hus @yniphugh dbpkuugh
duyu]kp wonunwiph pipugnu:
*  Uyulnpuynpnid: YUnnuynpus gniguiljh wuyyulnnuynpnud:

P spwghpp Yuquuws £ 21 hwjwuwpnidubphg: Ujn dpugph hwdwp junniggh
Py, Py, ..., Pyo Spugnptiph hwonpnujwunipinit, wyiywhuhl, np Pp-t P dpwghpl L, Py
Spwghpp  juwquyws b dky hwjwuwpnudhg, judwjwlwiu i=0,..,19 hwdwp
Pi1q Spuighpp uinugynud £ P; Spwuigphg htnbyuy Eplyme puygibpp junuptng.

1. P; spwugphg htinwgut] Eppnpy hwjuuwpnudp,

2. P; spwugph Uniu hwjuwuwpmudubpnud Epjpopy hwjuwuwpdwi dwpe dwuh
thnpnpiwfuih - poppp - wquwn dnunpbpp thofewphtitp - Ephpopy
hwjwuwpdwi thnppugniyt (nidnidny:

Ghpwnkiny Liddw 2.2.1-p junwgyp, np judwyuljut i =0, ...,20 hwdwp fp =

fPi:

udwyulwib { = 0, ...,19 hwdwp P; spwuqph tpypnpy hwjuuwpdwh we dwuh

wquun  thnthnpjuwlutiubph  puqUmpniup wupnibwlnd - wdbbwpwnp dbYy
thnthnpwlul, npp hwdpuund b owyn hwjuuwpdwi dwp dwunid  quing
thnthnjuwluith htin: Munh wyy hwjuwuwpnudp upnn b ol P; Spugph Ujniu
hwjwuwpnidibphg whljwh: 8nipwpwbsnip hknpwgynn hwjwuwpdwl thnppugnil
nudnudp npnoynid £ hunnighuyh dkpnngny:

2.3 pudumd ntuntdbwuhpynud | @ puqunipjut dhthdwnipeiniup:

Ebnptd 2.3.1. Ubpppyws dniuljghwiiph @ puqunipniin dhuhdwy £ L =

M, C,V,A(C,V)), C=MU®, [kquh hwdwp, npt ogunugnpdmd E Lpyniuhg wykih
wwnn:

hnpbd 2.3.1-p wmywugnigynid k Lhddw 2.3.1-2.3.6-h dhongny: Snipwpwisjnip

Edduynud nhunwplynud £ @ puqunipjub Ukl dnibljghw’ f € @, b gnyg k waipdnud, np
@\ {f} puqunipiup ;ppy sk L = (M, C, V, A(C,V)) 1kquh hwdwp, npntn € =M U (@ \
vk

L=(M,C,V, A(C,V)) 1kqyh hwdwp, npntny €=M U (@ \{f}),f € P, P\ {f}

puqunipjul ny |phynipiniup gnyg L wnpynid hinlbyju) dung®

e Yhunwplynud £ g hwogupltih S-pniujghwia:

* Bupwnpynud k, np g $niuljghwt Spwgpuynplh b L (kqynud:

*8nyg Lt wpynud, np npnp  dntnpughtt wfjujukpp hwdwp  FS
huntpypinwghwh wignphpdp phy sk ntunp unwugynud £ hwjuunipnt,
uyuhupl’ g $nruljghwub Spugpuynpbih sk L {kqynud:

frlnpkd 2.3.2. BGplynt wwinnd oquiwgnpénn (Eqniubph hwdwp niukup®
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1. ubpgpdus dmuyghwikph @\ {eq} puqumpmitp 1ppy £ b dhtupdwy L =
M, C,V,A(C,V)) 1kqyh hwdwp, npnkn € = M U (P \ {eq}):

2. Yuwdwjuluiu f € ®\{eq} hudwp ubkpypqus dniulghwutph @\ {f}
puqunipnin phy sk L = (M, C,V, A(C,V)) 1kquh hudwp, npntn € = M U (@ \ {f}):

PBhnpbd 2.3.2-p wwwugnigymu E hknlju; dunyg: 8nyg L wpynud, np eq
Iniughwt tkpuyugdnud £ L = (M, C, V, A(C,V)) 1kqnud, npl oguinugnpsdnud L kplynt
wnnd bt € =M U (@ \ {eq}) ubkpypyws hwunmwnnmbtbph puqunipniip: Uuywugnygh
hwdwp oqunugnpéynid Eu hwh Lhddw 2.3.1-2.3.5-ubkpp:

Qniu 3-nud phuwplynud Bu phynipjut b dhthdwynipjut junhpukpp FP
1&qup hwdwp: Bppnpy gniup punfugus b snpu pudhutibphg:

3.1 pwdiumd wpynud L wbhpwdbon uvwhdwinulubp ' oqunugnpddus
wpyniuputip:

‘Ljwpwgptup FP 1kqyp (M, C, X, T) punjulp:

M = S-expressions U {1}, npubrn Atoms pwuqumpniip wwuwpnibwimd L
wnujuqt  tpip  wwnd’  true, false, nil € Atoms: true L false wwndukpp
hudwywunuwupwind Bt mpudwpwbwlui dhon b ujow) wpdbpubpht, hull nil
wwnndp hwdwywwnwupwinud £ qunupl gniguljhi:

Ljwpugpkup € puqunipinitp: € = M U ¢; U G, npinbn -t wnwghti Juipgh
hwunwwnitbptt B (niulghwikp), C;-p Gpypnpn fupgh hwuwnwwnnibubpt Bu
(nrulghntiwitip): Yoquugnpstup 'wopwnwipnid vwhdwijus hwunwnniuubpp:

C; ={id,hd,tl,apndl,eq}: ‘Upkup, np tpk f€C;, wyu fe[M->M]:
Uwhuwutup npuup gmujugus m € M hudwp.

idlm) =m
hd(m) = {ml, kplbm = (my ...my),m; € S-expressions,i =1,..,k,k =1
1, diwgwé nlkuplpnid
nil, kplkm = (my), m; € S-expressions
tl(m) = {(mz wmy), bpbm = (my ...my), m; € S-expressions,i =1,..,kk>1
1, Ulnugué nkyplpnid
(mg my ... my), Epkm = (my (my ... my)), m; € S-expressions,
{ i=0,...kk=>1
apndl(m) = (my), Lplkm = (mg nil), my € S-expressions
(L , Uinuguis nkugpkpnid

false, Ekpkm = (my my), m; # m,, my, m, € S-expressions
1, Ulnugwé plyplpnid
C, puqunipniip punugus k htwnbjw) snpu dniiljghniwubphg:
Composition:
comp € [[M > M]? > [M - M]] b guijugus g,h€[M - M] dniulyghwlkph
hwdwp comp(g, h) = f € [M - M], npp npnpynud | htnlyuy Yepy. gmujugus m € M

true, Lpkm = (my m,),my = my, my, m, € S-expressions
eq(m) =

Y vpgpyma U.U., Pnigunywé L[.F. Opugpuunpuub $niblghnim) hwdwyupglp: 602
Zpuunwpulsnipntl, 2006, 56 te:
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fm) = g(h(m))

Construction:

constr € [[M - M]? > [M - M]] b guwulugws g,h € [M - M] dniulghwlkph
hwdwnp constr(g,h) = f € [M - M], npp npnoynud | htnlyuy Yhpw. guijugus m € M

f(m) = (g(m) h(m))

Constant:

constE[M->[M->M]] b gwijugus my€M hwunwwnniih hwdwp
const(my) = f € [M - M], npp npnoynud | htnlyuy Yhpy. guijugus m € M

my, bplm #1
flm = {J_ , Epkm=1

Condition:

cond € [[M » M]® > [M > M]] b guiljugws p,g,h € [M - M] $mulghwuikph
hwuwp cond(p, g,h) = f € [M - M], npp npnoynid £ htnbyju) YEpy. gutljugus m € M

g(m), kplp(m) = true
f(m) = {h(m), kplkp(m) = false
1, dbhwgué pbuypkpnid

Onthnfuwljwbttkph puqunipnibp hbnbyjuyu &' X = {F; | F; € Vo), i = 1}

T-u wybh phpdbiph pwquUnmipniut b, npnup jupmgymd ki oquuwugnpsting
hwunwwnitibp b hnthnjuwububtp € b X puqunipnibtitiphg, pipdh vwhdwidwi 4-
pn Ytwnp sh oguugnpédynid, hull M puqunipjut bEdkunbbpp oqguugnpéynid tu
dhwyjt npytu const dniuljghniwh wpgnidbunh wpdtp:

3.2 pudumu ntunidbwuhpdmud £ €; U C; puqunipjub (phynieniip:

Ebnpbd 3.2.1. Ukpnppdus hwunwwnniuubph €; U €, puqunmipiniup 1phy £ FP
1EqUh hwdwp, npntn € =M U C; U Cy:

Uju ptinpbvh wywugnygp juunwpynud £ @hnpkd 2.2.1-h tdwi:

3.3 pudumu ntuntdiwuhpnud £ €; U C; puqunipjut dhthdwinipniup:

Ehnptd 3.3.1. Ukpypywsd hwuwnwwnnibph €; U €, puqunipiniup dhthdw & FP
1Eqh hwdwp, npnid oqunugnpéynid L kpkphg wykih wnndubp:

hnpbd 3.3.1-p wywugnigynid k Lhddw 3.3.1-3.3.9-h dhongny: Snipwpwisjnip
Edduwynud nhinwplynid £ @ puqunipjut dky tkpppdws hwunwnni’ ¢ € @, hgnyg b
wnpynud, np @\ {¢} puqunipiniin ;phy sk FP 1kqh hwdwp, npntn € = M U (@ \ {¢}):

FP 1kqyh hwdwp, npuntn C=MU (P \{p}), ¢ € P, ¢\ {¢} puqunpjui ny
rhynipinitp gnyg k nipgnud hknlyuy dung®

*8nyg b wpynud, np phuwplng  Eqoud - Spwgpuidnpbih pnp S-

Inuhghwbpp puupupnid B bkl jud vh puth wuydwih:

* 8nyg L wpynwd, np gonipnit nith hwodupllh S-$niulghw, npp sh

pujupupnid ghunwplyny wuydwubbphg npbk dkYhi:

ftnptd 3.3.2. FP (kqyh hwdwp, npnud ogunnuugnpdynid Eu £hown Eplip wwnndbp,
wkinh niuh hnlyup.

1. Ubkpppyws hwuwnmwwnniiubph € U G, \ {const} pwqunmipniip phy E b
Uhuhuwy:
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2. Gudugulwi ¢ € C; U G, \ {const} hudwp ubpnpduwé hwuwnwwnnibph ¢ U
C2 \ {9} puqunipjnitip |phy sk:

hnpbd 3.3.2-p wyugnigynid E hinlyuy duny: 8nyg E wnpynd, np judwjwljut
hwuwnwwnni dniuljghwb ubpjuyugynid £ FP (kqynud, npt oginuugnpénid k kpkp wnnd
b MU @\ {const}) ubpypws hwunwwnnibubph puqunipmniip: Uywgnygh hwdwp
oquuugnpdynid L twlb Lhddw 3.3.1-3.3.8-ukipp:

3.4 pwdunud nhunwpyynud ku FP (kquh Gpkp dnphdhiughwibkp: 8nyg L
npynud wyy (kqnittph tkpypué hwunwnmutbph puqunipiniuttph (phynipniut nu
Uhuhuwnipniin:

L®-ny tpwtwlktp FP {kquh wja Unnhdhyughwl, npunkn eq dniulghwb
npnoquwsd £ dhuyt winndubph hwdwp b wkjugdws katom dniuljghwi:

true, Lpkm = (my m,),my = m,, my, m, € Atoms
eqW(m) = {false, Lptm = (my my), my # my, my, m, € Atoms
1, dlwugué pbuypbpnid
true, kpkm € Atoms
atom(m) = {false, bpEkm #1,m ¢ Atoms
1, diawguspbuplkpnid

Lowtwykup @ = {id, hd, tl, apndl, atom, eqV} U {comp, constr, cond, const}:

L®-ny wpwhwlklp FP 1kqh wylt Unphdhughwl, npinky npudwpuiulwh
upuw bt hwdwywunwujpwinud k nil wnndp: Zudwywnuwuwbwpunp hinthnpgws Ba
twh eq dniughwi b cond pniughnbiwgp:

true, kpkm = (m1 mz), my=m, my, My €S
eq®(m) = nil, kpktm=(m;m,), m;y #m,, m;, my€S
1, dhwgwué nbuypkpnid

cond® € [[M - M]? - [M - M]] L guiljugus p.g,h €M - M]
$mughwiikph hwdwp cond@(p, g, h) = f € [M > M], npp npnpynud k hwnlyuy
Ytpy. guujugus m € M

g(m), Lpkp(m) # nil,p(m) =L
f(m) =1 h(m), Epkp(m) = nil
1, Ulnugué nlyplpnid

Lowtwhkup @@ = {id, hd, tl, apndl, eq®} U {comp, constr, cond®, const}:

L®-n] wpwhwlhkup FP {kquh wju Unnhdhljughwil, npunkn eq dniulghwb
npnoqws L dhuyt  wwnndubph  hwdwp, wdbugqus L oatom  dniuljghwly,
npudwpwwlju upuwhle huwdwywwnwujwnd k nil wwnnup:
Zudwyuwunuwupwbwpup  hotnjuduws B bwb eq, atom $niuljghwtpp b cond
dnruyghniiwgp:

true, kphm = (ml mz), my; =m,, m;, m, € Atoms
eq®(m) = { nil, kplm = (m1 mz), my #m,, my, my, € Atoms

1, dbwgué nluypbpnid
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true, kpkm € Atoms
atom®(m) =< nil, kpkm #1, m & Atoms
1, Ulnugwé nlyplpnuf
cond® € [[M - M]3 - [M - M]] h gubljugus p,g.h €M - M]
$niuyghwikph hwdwp cond®(p, g, h) = f € [M > M], npp npnpynud b hknlyuy
Ltpy. guuljugus m € M
g(m), Ekpkp(m) # nil,p(m) #1
f(m) =4 h(m), Epkp(m) = nil
1, Ulnugué nlyplpnud
Lowhwljklp ®® = {id, hd, tl, apndl, atom®, eq®} U {comp, constr,
cond®, const}:
@tnphd 3.4.1. Ukpppywd hwunwnnibubph @O puqunipmbp ;phy b LO
1Eqyh hudwnp (@ = 1,2,3):
bnpbd 3.4.2.
1. ‘Ukpypyws hwunwwinmbibph @@ puqunipimbp dhuhdwy £ L® (kqyh
hwdwp, npnid ogunugnpdynid ku tptiphg wykjh wnndubin:
2. Ubpgpduws hwunwnmitbph @@ puqumipmiip dhuhdwy b LO (kqdh
hwdwp, npmd oginugnpéynid ku Epyniuhg wykh wnndukp (@ = 2,3) :
bnpbd 3.4.3.
1. LD jkqyh hwdwp, npnid oginuugnpdynid ki kpkp winnutkp, nknh muh
htwnljup.
«  Ubpppws hwunwuinnittbph @M\ {const} puqunipmitp phy kU
dhtuhdwy:
c Yudwjului ¢ € @MW \ {const} hwdwp tkpyplws hwunwnniibph
®M\ {¢} puqumipniiap jph sk:
2. L® {kqh hwdwp, npnid ogunugnpdynid ki kplynt wnndukp, nknh nith
htwnlywp.
«  Ubpppus hwunwnnmbiph @@ \ {const} puqumpmitp phyd kb
dhupuwy:
+ Yuilwului ¢ € @ \ {const} hwdwp tkpypluws hwunwnmbikph
®@\ {p} puqUmpiniuip [phy sk:
3. L® {kqh hwdwp, npnid ogunugnpdynid ki kplnt winndukp, nknh nih
htwunlbywp.
«  Ukpppws hwunuinnibibph @@\ {eq®), const} puqunipinitip |phy &
b vhthuwy:
c Gudwjulub @ € DB\ {eq®, const} hulwp ukpnpyws
hwunwnniutbiph @@ \ {¢} puqunipmip ;phy sk:
Uju phnpbdutnh wywgnygubpp hbnbinud Eu hnpkd 3.2.1, 3.3.1 1 3.3.2-hg:
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UCUSUULLE zhULUUUUL U8NP LLLEND

Uwnbktwjununipjui oppwbwljubpnid juwnwpyws hnmwgqnuinnipniuubpp pbpkp
Eu htnlyuy wpnyniupubph.
1. Ukpppqusd $nrujghwibph = {car, cdr, cons,atom, eq, if _then_else}
pulqunLIa]ulh hwdwp unwgyty £ hhmh]ulm

8nyg Lt wpdbk,, np judwyuluwb  f : B — S-expressions (B € S-
expressions®,k = 1)  hwpjupith  dmiulghw  Spwgpuynpth  k
Spugpuynpuwt dnrulghniiwg 1kqynid, npt oqurnugnpénid | @ puqunipju
dnruyghwkpp [1]: 8nyg & wipdty, np Epyniuhg wyth wnndubph ghypnid
@ puqunipniup vhthdwy k[2]:

8nyg t wpyk, np tpynt wnndubph phypnd judwyulwi f: B — §-
expressions (B c S-expressions®, k > 1) hwoJupltih dnruljghwm
Spugpuynpbih o Spwgpuynpiwt Pniuljghntwy  Eqynud,  npl
oquuuugnpénid k@ \ {eq} puqunipjut niljghwtipp: 8nyg k wnpyt;, np ¢ \
{eq} puqunipjniup vhhdw) b Uywugnigyt k twl, np juduwyulub ¢ € &\
{eq} hwdwp ny pnnp f : B — S-expressions (B © S-expressions®, k = 1)
hwoJuplth $ntulghwukpt ku Spugpuynpkih (kqynid, npt oquuugnpénid
E @\ {¢} puqunipjut dniuighwmkpnp [2]:

2. ‘uhpgpus hwunuwwnnikph ® = {id, hd, tl,apndl, eq} U
{comp, constr, const, cond} puqunipju hwdwp uvwnnwgyty Ehtnbyw)p.

8nyg k wipdt, np Judwywlwb f : B — S-expressions (B C S-expressions)
hwoqupltih dniuljghw dpugpuynpbih £ FP (kqynud, npi oqunuugnpénid k£
® puqUmpjui hwunwwunibubpp: 8nyg L wpydl, np Epkphg wykh
wwnndutipnh nhypnid @ puqunipniup vhtthduy  [3]:

8nyg kt wpyk], np Gpkp wwnndubph phypnd jwdwjwlwb f: B — §-
expressions (B ¢ S-expressions) hwpqupltjh niujghw dpwgpunpbjh k
FP kqymud, npb  oquugnpémd E @\ {const} puqunipjule
hwuwnwwnniubpp: 8nyg b wipdbg, np @ \ {const} puqunipniup dhhduy b
Uyugnigyt k twl, np judwyulub ¢ € @ \ {const} hwdwp ns pnpnp f:
B — S-expressions (B c S-expressions) hwpquplh $niuljghwibptt tu
Spuwgpuiynpljh FP (kqynud, npb oquuugnpénid Lt @\ {¢} pwqunipjui
hwuwnwwnniubkpn [3]:

3. Thwwpldb Eu FP (kqyh Unnhdhljughwbbp: 8nyg t wipdby, np judwywlul f :
B — S-expressions (B c S-expressions) hwoquplbih Iniljghw
Spwgpuiynphh k wyn (kgniukpnud: 8nyg b nipdty, np oqunwugnpéyws ubkpnpyws
hwunwwnniiubph puqunipniabttpn dhthdwy u [3]:
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PE3IOME
Maprupocss 'eBopr Apryposud

“O BCTpOEHHBIX KOHCTAHTAX (PyHKI[MOHATBHBIX SI3bIKOB
IIPOrpaMMUPOBAHUSA

B  pmanHo#i pabore  HCCIeAyIOTCS ~ CBOWCTBA  (DYHKI[MOHANbHBIX  SI3BIKOB
IIpOrpaMMUpOBaHus. IIpeMeTOM HCCIe[OBAHUSA ABIAIOTCA IIOAMHOXKECTBA BCTPOEHHBIX
KOHCTaHT (I)yHKI.U/IOHaJILHLIX A3BIKOB HpOI‘paMMI/IpOBaHI/IH, a paCCMaTPI/IBaeMBIMI/I
Ipo6ieMaMH - TI0JIHOTa M MUHUMATIbHOCTD STHX ITOJMHOXECTB.

B pa6ore Maxkaptu ompezessfeTcs s3bIK LISp, KOTOPHIH SIBIAETCS IIEPBBIM S3BIKOM
GYHKIIMOHAIBPHOTO IIPOrpaMMUPOBAaHUA. IIpeiIMeTHBIM MHOXeCTBOM f3bIKa Lisp aBmgecTcs
MHOXECTBO S-BblpaxKeHUH (S-expressions) - aToMbl U COCTaBJI€HHbIE W3 HUX CIUCKA. B
pabote Maxxkapru OIIpe/ieIEHbL dJIeMEHTapHbIe BCTPOEHHBIE byHKIMM
car, cdr, cons,atom, eq,if _then_else, ompeneneHHble Ha MHOXecTBe S-expressions. Ha
ocHOBe  (yHAAMeHTAaJIbHBIX  IOHATHI  fA3bIKa  LiSp  OBUIM  CO3ZAHBI  S3BIKU
Scheme, Scala, ML, SASL n Tax panee. MHOXXecTBa BCTPOEHHBIX (YHKIIUH STHX SI3BIKOB
COZiepyKaT BhIIIeyKa3aHHbIe dIeMeHTapHble GYHKINU.

B pa6ore Bekyca ompeneneH s3bIK (GYHKIHOHAJIBHOTO IIpOrpaMMupoBaHus FP,
IIpeAMETHBIM MHOXXECTBOM KOTOPOTO TaKXe ABJIAETCI MHOXECTBO S-expressions. B asbike
FP He WCHOMB3YIOTCS IepeMeHHBle HYJIEeBOrO IOpsfKa (IIpeZMeTHbIe IIepeMeHHBIE), He
UCTIoNb3yeTcss  A-abCTpakiusf U  HCIONAB3YIOTCA  IepeMeHHbIe IIEpBOTO  IOPAZKA
(byuxumoHapHbIe IepeMeHHbe). BO MHOXeCTBO BCTPOEHHBIX KOHCTAHT s3bIKa FP BXOZAT
ogunomectusie  ¢yukuum  id (Identity), hd (Head), tl(Tail), apndl (Append left),
eq (Equals) u byHLMOHAIB comp (Composition), constr (Construction),
cond (Condition), const (Constant), a Tak xe apyrue GyHKUUHU U QYHKIAOHAIBL.

Hpe,[[CTaBJIS[eT I/IHTePeC BI)I6P3TI> IIOOMHOXKECTBO M3 BCTPOeHHBIX KOHCTAaHT AAaHHOTO
GYHKUMOHATBHOTO — sI3bIKA, KOTOpoe Oyzer TOMHBIM (B 9TOM s3bIKE BO3MOXXHO
3aIIpOrpaMMHUpPOBaTh KOKIYIO f : B — S-expressions (B c S-expressions®, k > 1)
BBI‘{I/ICJII/IMYIO ¢)yHKLLI/IIO, I/ICHOJII)SYS[ TOJIBKO OTHU KOHCTaHTLI) U MHWHHMAJIBHBIM (yﬂaﬂeHHe
J1060#1 BCTPOEHHO KOHCTAHTHI U3 5TOTO MHOXECTBA HAPYIIAeT IIOIHOTY).

Llensio ArCCEPTALIMOHHOM PaGOTHI ABIAETCS:

1. I/IS MHOXeCTBa BCTpOeHHBIX q)yHKHI/II‘;I A3BIKA HPOI‘P&MMI/IPOBHHI/IH LlSp BI:IGPaTI:
IIOJTHOE€ U MUHHUMAJIBHOE ITIOAMHOKEeCTBO.

2. I/IS MHO>XeCTBa BCTPOEHHLIX (byHK]_H/II‘;I u (byHK]_H/IOHaJIOB A3BIKA HPOFpaMMHPOBaHHﬂ
FP BpIGpaTh MOIHOE ¥ MUHUMAJIbHOE II0ZMHOXXECTBO.

3. Paccmorpers Mopmbukanum sA3bIKa TmporpammupoBaHus FP. W3 MHOXecTB
BCTPOeHHLIX q)yHK]_II/II;’I nu (byHKIH/IOHEUIOB OTHUX A3BIKOB BI)I6paTB IIOJTHBI€ M MHWHHWMAJIBHBIE
IIOJIMHO€ECTBA.
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B pesympraTe McClIeZoOBaHWI, IPOBeJEHHBIX B JAaHHOM paboTe, OBLIM IIOTydYeHBI

cieayiolrre OCHOBHbIE pe3yIbTaThI:

1.

Jns  MHOXecTBa  BCTpoeHHBIX  dyHkuuil & = {car, cdr, cons,atom, eq,

if _then_else} monydeHo cienyoiee:

2.

Ioxasano, uto kxaxmas f : B — S-expressions (B ¢ S—expressions®, k > 1)
BeIYHCIdeMas (yHKIMS I[porpaMMupyeMa B  s3bIke  (DYyHKI[MOHAJIBHOTO
IIPOTrpaMMHUPOBAHMA, KOTOPBIH MCIOnb3yeT GyHKuuu MHOXecTBa P. JlokasaHo
TaK ke, YTO €CJIM YHKCJIO aTOMOB > 2, TO MHOXeCTBO ® MUHMMAaILHO.

JlokasaHo, YTO eC/IX YUCJIO aTOMOB PaBHO 2, TO Kaxzgas f : B — S-expressions
(B © S—expressions®,k > 1) seraucnsemas GyHKIHA TporpaMMHUpyeMa B
sI3bIKe (PYHKI[MOHAIBHOTO IIPOrPaMMHUPOBAHIs, KOTOPBIH HCIOAB3yeT QYHKIUU
muoxectBa @ \ {eq}. [lokasamo, uro wmuOoxecrBo @\ {eq} MuHMMAaNbHO.
Joxazano Tak ke, uyro mas kKaxzoro ¢ € @\ {eq} mHe BCe f:B —S-
expressions (B © S—expressionsk, k > 1) BBIYUCI/IIEMBIE byHKIMK
IIPOTpaMMUPY€eMBI B A3bIKe, KOTOPHIi HcIonb3yeT bynkuuu MEOXecTBa P \ {¢}.
IOns  wmHoxectBa  BcTpoeHHbIXx  KoHcTaHT @ = {id, hd, tl, apndl, eq} U

{comp, constr, const, cond} nonydeHo crenyrouee:

Joxasano, uro kKaxzmas f : B — S-expressions (B C S-expressions)
BRIUMC/IgeMas (QYHKIUA IporpaMMupyeMa B s3bIKe FP, KOTOpPBIH HCIIONB3eT
KOHCTaHThI MHOXKecTBa ®. [/lokasaHo Tak >Ke, UYTO €CIM YMCJIO aTOMOB > 3, TO
MHOXeCTBO ® MUHUMAIBHO.

JloxazaHO, YTO ecAM 4YWUCIO aTOMOB paBHO 3, TO Kaxjas f:B—S-
expressions (B c S-expressions) Beruucigemas QYHKIUA IPOrpaMMUpyeMa B
si3bIKe FP, KoTopsIit ucnonb3yer kKoHcTaHThl MHOXKecTBa P \ {const}. JlokasaHo,
yto MHOkecTBO @ \ {const} munumanbuo. [loKazaHO Tak e, YTO [ KAXKZOTO
@ € ®\ {const} me Bce f:B — S-expressions (B c S — expressions)
BBIUKC/IIEMble (PYHKIIMU NPOTpaMMUpPYeMbI B s3biKe FP, KOTOPBIH HCIIOJIb3yeT
dyuxuuu mHOXKecTBa O \ {@}.

3. Paccmotpens: mopudukauuu sssika FP. JlokasaHo, 4yto kaxpas f : B — S-
expressions (B c S-expressions) BsrunciaseMas GYHKIMS [pPOrpaMMEpyeMa B OTHX

A3bIKaX. JloKa3aHO TakK >Ke, UTO MHOXECTBA WCIOJIB3YeMBIX BCTPOEHHBIX GYHKIU

MHWHHWMAJIbHBI.
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ABSTRACT
Gevorg A. Martirosyan

“On Built-in Constants of Functional Programming Languages”

The thesis is devoted to properties of functional programming languages. Objects of
the study are subsets of built-in constants of functional programming languages and
considered main problems are completeness and minimality of these subsets.

First functional programming language is Lisp, which is introduced by McCarthy.
The object set of Lisp is S-expressions (atoms and the lists constructed with those atoms).
McCarthy introduced some elementary functions defined on S-expressionsi.e. car, cdr, cons,
atom, eq, If then_else. Using the main ideas of Lisp some functional programming languages
were created e.g. Scheme, Scala, ML, SASL and so on. The set of built-in constants of these
languages contain the mentioned functions.

The object set of Backus FP language is also S-expressions. FP language doesn’t use
zero order variables (object variables), doesn’t use A-abstraction, and uses first order variables
(functional variables). The set of built-in constants of FP language contains
id (Identity), hd (Head), tl(Tail), apndl (Append left), eq (Equals) one  place
functions and comp (Composition), constr (Construction), cond (Condition),
const (Constant) functionals, and also contains other functions and functionals.

It shows interest in selecting a complete (any f :B — S-expressions,B C S-
expressions®, k = 1 computable function is programmable in such functional programming
language which uses only the selected constants) and minimal (if any constant is removed
from the set of the selected constants, the set will not be complete) subset from the set of
built-in constants of a functional programming language.

The objectives of the thesis are to investigate completeness and minimality of subsets
of built-in constants of functional programming languages.

The main topics of the thesis are:

1.Select a complete and minimal subset of built-in functions of functional
programming language Lisp.

2.Select a complete and minimal subset of built-in functions and functionals of
functional programming language FP.

3.Consider modifications of FP language and select complete and minimal subsets of
built-in functions and functionals of those languages.

The research carried out in the thesis has produced the following main results:

1. For the set of built-in functions ® = {car, cdr, cons, atom, eq, if _then_else} the

following is obtained:

« It is proved that any f:B — S-expressions (B c S-expressions® k > 1)

computable function is programmable in such a functional programming
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language which uses the functions of the set ®. Also it is proved that if the
number of atoms > 2, then the set ® is minimal.

It is proved that if the number of atoms is equal to 2, then any f: B — S-
expressions (B c S-expressions®,k > 1)  computable  function is
programmable in a functional programming language which uses the functions
of the set @ \ {eq}. It is proved that the set ® \ {eq} is minimal. Also it is proved
that for any @ € ®\{eq} not all f:B — S-expressions (B cS-
expressions®, k = 1) computable functions are programmable in a language
which uses the functions of the set @ \ {¢}.

2. For  the set  of  built-in  constants @ = {id, hd, tl, apndl,eq} U
{comp, constr, const, cond} the following is obtained:

It is proved that any f : B — S-expressions (B c S-expressions) computable
function is programmable in FP language which uses the constants of the set ®.
Also it is proved that if the number of atoms > 3, then the set ® is minimal.

It is proved that if the number of atoms is equal to 3, then any f: B — §-
expressions (B c S-expressions) computable function is programmable in
FP language which uses the constants of the set ® \ {const}. It is proved that the
set @ \ {const} is minimal. Also it is proved that for any ¢ € ® \ {const} not all
f + B — S-expressions (B c S-expressions) computable functions are
programmable in FP language which uses the constants of the set @ \ {¢}.

3. Are considered modifications of FP languages. It is proved that any f : B — S-

expressions (B c S-expressions) computable function is programmable in those
languages. Also it is proved that sets of used built-in constants are minimal.
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